DIAMANTINE PICARD FUNCTORS OF RIGID SPACES

ABSTRACT. For a connected smooth proper rigid space X over a perfectoid field extension
of Qp, we show that the étale Picard functor of X< defined on perfectoid test objects is
the diamondification of the rigid analytic Picard functor. In particular, it is represented
by a rigid analytic group variety if and only if the rigid analytic Picard functor is.

Second, we study the v-Picard functor that parametrises line bundles in the finer
v-topology on the diamond associated to X and relate this to the rigid analytic Picard
functor by a geometrisation of the multiplicative Hodge—Tate sequence.

The motivation is an application to the p-adic Simpson correspondence, namely our
results pave the way towards the first instance of a new moduli theoretic perspective.

1. INTRODUCTION

Line bundles are ubiquitous in rigid analytic geometry, and Picard groups of rigid spaces
have therefore been the subject of extensive studies, for example in [9, 2, 10, 4, 26, 22, 24].
It is natural to ask how much of this theory carries over to Scholze’s larger categories like
the pro-étale site [30] or the category of diamonds [32]. One particular question with a
long history in rigid geometry is about the existence of rigid analytic moduli spaces of line
bundles on proper rigid spaces, namely about representability of the rigid Picard functor
which parametrises isomorphism classes of line bundles:

Let p be a prime, let K be a perfectoid extension of Q, and let 7 : X — Spa(K) be a
smooth proper rigid space considered as an adic space. The rigid Picard functor is the sheaf

PicX7ét = Rlﬂ'ét*Gm : SmRigK,ét — Ab

where SmRig . 4 is the big étale site of smooth rigid spaces over K and ¢t is the pushfor-
ward of big étale sites along 7. Explicitly, Picx ¢ is the sheafification of the functor sending
a smooth rigid space Y to the group of isomorphism classes of line bundles on X x Y. It is
expected that Picy ¢ is always representable, and this is known in many cases of interest:
1. If X is the analytification of a smooth proper algebraic variety X, then it follows
from Kopf’s relative rigid GAGA-Theorem [23][25, Theorem 2.8][4, Example 3.2.6]
that Picx ¢ is the analytification of the algebraic Picard variety of X, [2, §1]. In
particular, the identity component Picg(’ét is then an abelian variety.
2. In [3, §6], Bosch—Liitkebohmert treated the case that X is an abeloid variety, i.e.
a connected smooth proper rigid group variety: Picg(’ét is then the dual abeloid
variety.
3. Hartl-Liitkebohmert [10] proved that if X has a strict semi-stable formal model
over a discrete valuation ring, then Picx ¢ is represented by a rigid group such that
Picg(,ét is semi-abeloid, i.e. an extension of an abeloid variety by a torus.
4. Warner has announced in his thesis [36] a proof that Picx ¢ is always representable,
but he does not describe what Picg(yét looks like in general.

1.1. The étale diamantine Picard functor. The goal of this article is to study Picard
functors that are instead defined on perfectoid spaces as defined by Scholze [29]. Viewing
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rigid spaces through perfectoid spaces naturally leads us into the setting of diamonds in-
troduced in [32]: Let Perfg ¢ be the site of perfectoid spaces over X equipped with the
étale topology, and Perfk , the same category with the much finer v-topology from [32, §8].
Associated to X we have the diamondification

¢ X9 — Spd(K)

defined in [32, §15]. This is a morphism of diamonds, and thus of sheaves on Perfy ,,.
Analogously to the rigid case, we define the étale diamantine Picard functor to be the sheaf
Pic%ét = Rlﬂ'éOt*Gm : Perf ¢ — Ab.

Explicitly, this is the étale sheafification of the functor that sends a perfectoid space Y over
K to the set of isomorphism classes of line bundles on the analytic adic space X x Y.

The first main result of this article is that this new diamantine Picard functor Pic%ét
can be described in terms of the rigid analytic Picard functor Picx ¢. For this introduction,
let us for simplicity assume that Picx ¢ is represented by a rigid space. Then we show:

Theorem 1.1. There is a natural isomorphism of sheaves on Perf i ¢
(Picx )¢ = Pic% .
that is, Pic%ét is represented by the diamondification of the rigid analytic Picard functor.

Corollary 1.2. If X is connected and x € X(K) is a point, then for any perfectoid space T
over K, the isomorphism classes of line bundles on X X T that are trivial over x x T are in
natural one-to-one correspondence with the morphisms of adic spaces T — Picx ¢ over K.

In fact, we define more generally a natural “diamondification of functors on SmRigy «”
such that the statement of Theorem 1.1 holds without requiring Picx ¢ to be representable:
Explicitly, the result then says that for every perfectoid space T" and any line bundle L on
X x T, one can étale-locally on T find a rigid space Ty and a morphism 7" — T such that
L descends to X x Tp. This statement is not at all obvious, and it is false in general if we
remove the assumption that X is proper.

1.2. The v-Picard functor. In the diamantine setting, there is now also a second natural
Picard functor

Pick, i= R'70.Gy, : Perfic, — Ab,

given by the v-sheafification of the functor that sends Y to the sheaf of isomorphism classes
of v-line bundles on X x Y. This difference in topology is more than just a technicality: We
showed in [14, Theorem 1.3.2a] that there are in general many more v-line bundles on X
than étale line bundles. In fact, we showed that if K is algebraically closed, the respective
Picard groups of isomorphism classes fit into a “multiplicative Hodge—Tate sequence”:

0 — Picg (X) — Picy(X) = HO(X, Q') =0

where Q! := Q1{—1} is a Tate twist. Our second main result is that this short exact sequence
can be geometrised to give a comparison between the étale and v-topological Picard functors:

Theorem 1.3. Let X be a smooth proper rigid space over a perfectoid extension K of Qp.
Then the v-Picard functor fits into a natural exact sequence of abelian sheaves on Perf i ¢

0 — Picy ., — Picg, = H(X,0%) @k G, — 0.

In particular, Pic%v is represented by a rigid group variety if and only if Picx ¢ is.
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One consequence is that Pic%ét is in fact a wv-sheaf, so we can regard Pic%ét as an
extension of Picx ¢ to a much larger class of test objects. Conversely, we show that if
Pic% & 15 represented by a rigid group, then this also represents Picx ¢;. As we explain in
more detail below, this might open up new methods to study Picx 4 and its representability.

1.3. Applications to non-abelian p-adic Hodge theory. Theorem 1.1 and Theorem 1.3
are of interest in their own right, but our main motivation for studying diamantine Picard
varieties is an application to the p-adic Simpson correspondence:

The reason why perfectoid test objects appear naturally in this context is that in [13] we
describe a class of “topological torsion” line bundles L on X characterised by the property
that L extends to a line bundle on the adic space X x Z such that the specialisation of L at
nezZc 7 is isomorphic to L™. We would like these to be precisely those line bundles which
induce a homomorphism of adic groups Z — Picx. This is guaranteed by Theorem 1.1.

While this was our original motivation to study diamantine Picard functors, Theorem 1.3
exhibits a much deeper connection, namely it paves the way for a new understanding of the
p-adic Simpson correspondence as a geometric comparison of moduli spaces: The short exact
sequence in Theorem 1.3 gives a geometrisation of the equivalence between v-line bundles and
Higgs line bundles of [14, §5]. Geometrically speaking, it says that there is a rigid analytic
moduli space of v-line bundles Pic$ , which is a Pic%ét—torsor over A := H°(X, Q%) 0k G,
in a natural way. As the same is true for the moduli space Higgs, := Pic?(’ét x A of Higgs

line bundles, we find that Pic%v is an étale twist of Higgs; over A. As we explain in detail
in the sequel [13], this leads to a geometric non-abelian Hodge correspondence in rank one.

The present article is therefore the first in a series on the geometrisation of the p-adic
Simpson correspondence. Indeed, in [18], we will show that when X is a curve, the per-
spective that the moduli space of v-vector bundles is a twist of the moduli space of Higgs
bundles generalises to objects of higher rank.

1.4. The topological torsion Picard functor is representable. Given the known re-
sults about representability of the rigid Picard functor which we summarised above, it seems
plausible that Picy 4 is always representable by a rigid group variety whose identity com-
ponent is a semi-abeloid variety.

In order to illustrate how the perfectoid perspective can help understand the structure
of Picard functors, let us already mention the following result from the sequel article [13],
saying that a topological torsion version of the rigid Picard functor is always representable:
Let @m be the subgroup of topologically p-torsion units, given by the open disc at 1 of
radius 1. We then define the topologically p-torsion Picard functor of X to be

ﬁ:xvét = Rlﬂ'ét*@m : SmRigKVét — Ab
Using a geometric p-adic Simpson correspondence in terms of Pic§>( &> We prove in [13] that
Pic x4t is always representable by a finite disjoint union of analytic p-divisible groups in the
sense of Fargues [6, §1.6]. As such, it is a subgroup of Hom(m1(X),G,,) where 71 (X) is the
étale fundamental group of X. If Picx ¢ is represented by a rigid group G, then this is the
topological p-torsion subgroup of G as defined by Fargues [6, §1.6].
This produces some evidence that Picx 4 is always representable by a rigid group whose

connected component is a semi-abeloid variety: Namely, it imposes restrictions on what kind
of rigid groups can appear as Picard varieties, which are consistent with this prediction.
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Notation. Let K a complete non-archimedean field of residue characteristic p. Let Ok be
the ring of integers of K and let KT C O be any ring of integral elements. Let m C KT
be the ideal of topologically nilpotent elements and fix a pseudo-uniformiser w € m. We use
adic spaces in the sense of Huber [19]. We abbreviate Spa(K, K*) by Spa(K) when K+ is
clear from the context.

In this article, a rigid space over K is by definition an adic space locally of topologically
finite type over Spa(K, K*). In particular, we then denote by SmRigj the category of
smooth rigid spaces over Spa(K, KT). For any rigid space X we denote by SmRig y the slice
category of rigid spaces over X. For rigid spaces X, Y over K, we also write Yx :=Y x g X.
We denote by B? the unit disc of dimension d over K, considered as an affinoid rigid space.

We are most interested in the case of K+ = Ok, in which case the notion of rigid spaces
is equivalent to the classical one under mild technical assumptions, but like in [30] it is useful
to consider the more general case since this makes it very easy to later pass to the relative
situation of morphisms of rigid spaces m : X — Y, which is useful for applications.

We use perfectoid spaces in the sense of [29] and denote by Perf ;- the category of perfec-
toid spaces over (K, KT). We use diamonds in the sense of [32] and denote by LSDg the
category of locally spatial diamonds over Spd(K, KT). For any X € LSDg, we denote by
LSDx the slice category.

By a rigid group over K we mean a group object in the category of rigid spaces over K,
always assumed to be commutative. We denote by G,, the rigid multiplicative group, by
G, the rigid additive group, and by G} C G, the subgroup given by the closed unit ball B!.

2. THE DIAMANTINE PICARD FUNCTORS

Let K be a perfectoid field over Q, and let 7 : X — Spa(K, K1) be a smooth rigid space.
The aim of this section is to introduce the diamantine Picard functors of X, and to state a
more precise and more general version of the main results, as well as some corollaries. We
do not give any proofs yet, but we end the section with an overview of the strategy of proof.

2.1. Definition of diamantine and rigid Picard functors. Recall that the rigid analytic
Picard functor as considered in [10] can be defined as the abelian sheaf

Picxy ¢ := Rl'frét*Grn : SmRigK,ét — Ab

where SmRig ¢ is the site of smooth rigid spaces over Spa(K, KT) with the étale topology
and where m¢ : SmRigy o — SmRigg ¢ is the natural morphism of big étale sites. Con-
jecturally, if X is proper, then Picx ¢; is represented by a smooth rigid group variety. As
summarised in the introduction, this is known in many cases, but not yet in full generality.

Our goal in this subsection is to introduce a “diamantine” variant of the Picard functor
defined on perfectoid test objects, and to explain how this can be compared to Picx 4.
Recall from [32, §15] that there is a fully faithful diamondification functor

SmRigy — LSDg, X — X©

sending a smooth rigid space X to its associated locally spatial diamond over Spd(K, K™T).
We sometimes drop —< from notation when this is clear from the context, for example we
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simply write G, for the diamond that sends a perfectoid space Spa(R, RT) to R*. We write
6 for the morphism of étale sites associated to the above functor (cf [32, Lemma 15.6])

0 : LSDk ¢t — SmRig 4
We also need the analogous functor on the site of perfectoid spaces with the étale topology:
L LSDK’ét — Peer ét -

Since for any adic space Y over K we have Y = et , both ¢, and ¢, are exact functors.
For the definition of the diamantine Picard functor, we now consider the diamondification
7 . X© — Spd(K, KT). Pullback along this map induces a natural morphism of sites

Wéi : LSDX’ét — Peer,ét .

There is a second, much finer topology on perfectoid spaces and diamonds, namely the
v-topology introduced by Scholze in [32, §8,§14]. For this we get a morphism of sites

79 LSDy,, — Perfg.,

with the same underlying functor as 73, but finer topologies on either side.

ét
Definition 2.1. The étale diamantine Picard functor of X is defined to be the sheaf
Pic{ ;1= R'75, Gy, : Perfe o — Ab.

et*

In the diamantine setting, there is a second Picard functor defined using the finer v-topology:

Pic , := R'78.Gyy, : Perfi , — Ab.

Remark 2.2. The functor Pic$ X 6t naturally extends to LSD x ¢; if we instead define 7r<> to be
the morphism LSD x ¢y — LSD g ¢¢. We can then equivalently define Pic%ét = 1, Rr$ Gyp,-

étx
The same works for Pic$ X v here the difference is less relevant as Perf i ,, is a basis of LSD g ,,.
That said, for our purposes it is important to restrict to perfectoid test objects: One
reason is that G,, is easier to describe on adic spaces than on diamonds, another that
relative p-adic Hodge theory is much simpler for morphisms X X Y — Y over a perfectoid
base Y.

The two functors Pic%ét and Pic%v are related via a natural morphism: One way to
construct this is via the Leray sequences for the compositions in the commutative diagram

o
LSDxo,, —— Perfy,
x84
LSon,ét — Peerét.
These induce a natural map
Pic?(‘ét — V*Pic%v.

Since both sides have the same underlying category Perf -, we shall in the following drop v,
from notation, which amounts to forgetting that Pic%v is already a sheaf for the v-topology.

Second, the two functors Pch & and Pch are related to the rigid analytic Picard
functor via a natural base-change map: Consider the commutative diagram of big étale sites

LSDXQ 6t *> SmRigx7ét

| |-

LSDg & —>— SmRigy .
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For the comparison, we wish to extend the diamondification functor from smooth rigid
spaces to sheaves on SmRig «. For any sheaf F on SmRig ¢, we therefore define

FO = 1,6\ F.

This notation makes sense since F< agrees with X if F is represented by a smooth rigid
space X. We note that —¢ is exact because ¢, is. Consequently, the base change map for
the above diagram induces for any n > 0 a natural morphism of sheaves on Perf g ¢

(1) (R"1¢0 F)© — Rn$ FO.

étx
Applying this to F = G,,, and n = 1, we find that there is a natural morphism
(Picx&)® — Picg
of sheaves on Perfg ¢. It is clear from the construction that this is functorial in X.

2.2. The Diamantine Picard Comparison Theorem. With the technical preparations
of the last section, we can now formulate the most general version of our main result. As
this can be interpreted as being “relative p-adic Hodge theory for G,,”, we first explain a
related but simpler result, namely the case of G,.

To simplify notation in the following without making additional choices, we begin by
introducing notation for the usual Tate twist in p-adic Hodge theory:

Definition 2.3. For any smooth rigid space X over K, we denote by Q4 := QﬁﬂK{fl} the

sheaf on X¢; given by tensoring over K with the Breuil-Kisin—Fargues twist K{—1}. If K
contains all p-power unit roots, this twist is equivalent to the usual Tate twist K (—1).

Assume from now on that X is proper. As we will discuss, following Scholze’s approach
to the Hodge—Tate sequence of p-adic Hodge theory [30][31, §3], one has in general:

Proposition 2.4. There is a natural short exact sequence
0— HL(X,0) = HX(X,0) — H'(X,0Q%) — 0.
This is canonically isomorphic to the usual Hodge—Tate short exact sequence if K is
algebraically closed, via the Primitive Comparison Theorem: H(X,0) = H},(X,Q,)®q, K.

As we will show, due to various base-change results for coherent cohomology, we have a
relative “diamantine” version of this short exact sequence. For the formulation, we need:

Definition 2.5. For any abelian sheaf F' on Perf g ¢, we define its tangent space as
ToF := Hom(G/, F) ®z, Q,

where G is the closed unit with its additive structure. Since Hom(G},G}) = K™, this is
always a K-vector space. When F' is represented by a rigid group variety G, this recovers
the usual notion of tangent spaces by [12, Theorem 3.4].

Proposition 2.6. Let (K, K) be a perfectoid field extension of Q. Letw: X — Spa(K, Kt)
be any proper smooth rigid space. Then:

1. The natural map (R'menO) — R'7 O from (1) is an isomorphism.

étx
2. There is a short exact sequence of sheaves on Perfy ¢, functorial in X,
(2) 0— R'78,0 = R'7%0 X5 HO(X, Q%) 9k G, — 0
which is canonically isomorphic to — g G, applied to the sequence in Proposi-
tion 2.4. In particular, we recover this sequence by passing to tangent spaces.

We note that if K is algebraically closed, this shows that R'7$,O = Hom(7 (X), K)®G,.
We can now formulate a precise version of the main result of this article, which could be
described as a version of Proposition 2.6 for the multiplicative group G,,.



DIAMANTINE PICARD FUNCTORS OF RIGID SPACES 7

Theorem 2.7 (Diamantine Picard Comparison Theorem). Let (K, K1) be a perfectoid field
extension of Q, and let X — Spa(K, KT) be any proper smooth rigid space. Then:

1. The natural map (PiCX,ét)O — Pic%ét 18 an isomorphism.
2. There is a short exact sequence of abelian sheaves on Perfy ¢, functorial in X,

(3) 0 = Pic§ 4 — Pick, —% HO(X,0Y) ©x Gq — 0.

On tangent spaces at the identity, this recovers the sequence (2).

3. The sequence becomes split over the bounded open subgroup of H°(X, ﬁ}() QK Gq
defined as the image of H: (X, OT) ® pG} under the Hodge—Tate map HT from (2).

Remark 2.8. We will see in [13] that the sequence (3) is never split globally over all of
HO(X, (NB() ®K G, except in the trivial case of H°(X,QL) = 0. In fact, it is better to
think about the morphism HT log as a non-trivial Pic)o(_’ét—torsor for the étale topology. As
we explain in detail in [13], this perspective makes HT log into an analogue of the Hitchin
fibration.

Part 1 of the Theorem makes precise the idea that in order to study étale line bundles on
X XY where Y is a perfectoid space, it suffices to understand the situation for rigid Y, and
vice versa. Part 2 is a geometric upgrade of [14, Theorem 1.3.2] in the proper case and could
be described as a statement about “relative p-adic Hodge theory with G,,-coefficients”.

We already mention some consequences of Theorem 2.7 that we will deduce in the end:

Corollary 2.9. 1. (PiCX’ét)O 1s a v-sheaf on Perfy.
2. If we regard Pic%ét as a functor on all of LSD ¢, then it also satisfies the sheaf
property for v-covers Y' — Y where Y is a smooth rigid space and Y’ is perfectoid.
3. If the rigid Picard functor Picx ¢ is represented by a rigid group G, then its dia-
mondification G represents Pic%ét.
4. Conversely, if there is a rigid group G with G® = Pic%ét, then G represents Picx 4.
5. Pic?(,ét is represented by a rigid group if and only if Pic%v is represented by a rigid
group.
Remark 2.10. The first part shows in particular that the functor sending Y € Perfg ,, to
the groupoid of analytic line bundles on X x Y is a v-stack in the sense of [32, §9]. This is

similar in spirit to the statement that vector bundles on the Fargues—Fontaine curve satisfy
v-descent in the perfectoid variable ([7, Proposition I1.2.1] [34, Proposition 19.5.3]).

Remark 2.11. Parts 2-5 might open up new strategies to prove that the rigid Picard
functor is always representable by a rigid group whose identity component is semi-abeloid.

In fact, our proof for the étale comparison, i.e. part 1 of Theorem 2.7, works also in higher
cohomological degree. More precisely, our proof will give the following stronger statement:

Theorem 2.12. Let F' be one of O, O*, Z/NZ, N € Z. Then forn >0,

(R"mge ) =5 R F

is an isomorphism, and both of these sheaves on Perf ¢ are already v-sheaves.

Remark 2.13. In [15], we show that there is also a higher degree analogue of part 2 of
Theorem 2.7: an extension of (3) to a spectral sequence in the category of abelian sheaves
on Perf ¢ which is a multiplicative analogue of the Hodge-Tate spectral sequence of X.
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2.3. Outline of proof strategy. We now give an outline of the proof of Theorem 2.7,
essentially the same line of argument will show Theorem 2.12. The basic strategy is to study
step-by-step the following two cohomological diagrams of sheaves on Perf i «.: Following the
notation in [14], let us write O* for the sheaf of units on SmRig ¢, represented by G,. Let

Oy :=1+m0O* C 0%,

where we recall that m denotes the ideal of topologically nilpotent elements of K. If

Kt = Ok, then Of is represented by the open disc of radius 1 around the origin, but in

general it is the smaller open subgroup of G, given by the union of closed discs of radius < 1.

The role of OF is that it is the domain of convergence of the p-adic logarithm log : O — G,,.
Let

0 .= 0% )0
denote the quotient sheaf. As before, we shall identify these sheaves with their diamondifi-
cations, so that we obtain a short exact sequence on SmRigy ¢ as well as on Perf i g

0= 0 50X 50" 0.

Exactly as in [14, Lemma 2.17], we will see that 0" is in fact already a v-sheaf on Perfy.
We now apply to the above sequence the two natural transformations

(R"ms0x—) " — R"1§, (=) = R"18.(=9).

étx
This results in a large commutative diagram of sheaves on Perf g ¢

773*6X —— R'7%,0F —— R'78,0% —— le?*@x —— R?18.05

I I | I I

78 0" — R'%8. 0 —— R'nl 0% — Rxl 0 —— R

étx étx ét* étx* ét

I I I I T

(T6x 0 ) = (R OF)0 5 (Rmen 0%)0 = (R7160,0 )0 = (R2mee OF)

or

in which the bottom two rows are exact with respect to the étale topology and the top row
is exact with respect to the v-topology (i.e. we have tacitly applied v, to the top row).

We can without loss of generality assume that X is connected. The first step of the proof
can then be summarised by saying that we will prove:

Lemma 2.14. The following hold in the above commutative diagram:

(A) The leftmost horizontal transition maps are 0.
(B) In the fourth column, both maps are isomorphisms.
(C) In the fifth column, the composition of the vertical maps is injective.

Once this is achieved, it follows formally that the top row is already exact for the étale
topology: Indeed, exactness at the second and third term follows from (A) using that v, is
left-exact, and exactness at the fourth term follows from (B) and (C) by a diagram chase.

At this point, the 5-Lemma (applied once to the bottom maps and once to the composi-
tions) reduces us to proving a variant of the Theorem for O instead of Gy,:

Proposition 2.15.
1. The map (R'meO5)® — R'7d OF is an isomorphism.
2. There is a short exact sequence of abelian sheaves on Perf g ¢

0— R'78

étx

0F = R'z%.0r 2% gox QL) @k G, — 0.
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In order to prove this, we apply the same strategy as above to the logarithm sequence

0= prpe — OF 2250 50,

which results in a commutative diagram of sheaves on Perf x ¢

18,0 —— R17T1<)>*,U,poo —— R'72,0f —— R'78.0 —— szg*ppoo

l I [ [ |

(4) 79,0 —— R ppe —— R'7 OF —— R, 0 —— R21§ iy

étx ét* ét*

[ I [ [ [

(TetxO0)© = (R gpafipe)® = (R'mex O7)0 = (R'men O)¢ = (R2mapupip=)®

in which again the bottom two rows are exact with respect to the étale topology and the
top row is exact with respect to the v-topology. The fourth row of this diagram is described
by Proposition 2.6. We use this description to prove:

Lemma 2.16. The following hold in the above commutative diagram:

(D) The leftmost horizontal transition maps are 0.
(E) In the second and fifth column, all maps are isomorphisms.
(F) Further towards the right, the map (R*m¢.O)¢ — (R%m,.O°) is injective.

Using parts (D), (E), and a direct argument describing the vertical cokernels in the middle
of the top two rows, we see that all sheaves in the above diagram are in fact v-sheaves, so that
may regard (4) as a commutative diagram of v-sheaves with exact rows. Part (F') then implies
part (C) above. Parts (D) and (E) will be enough to prove part 1 of Proposition 2.15.1, and
left-exactness in Proposition 2.15.2. Finally, we will use a relative version of the argument
in [14, §3.5] to prove the right-exactness, using the diamantine universal cover. This will
complete the proof of the Theorem.

From all of the above steps, the key step is arguably the proof of (B): This is where we
need to study the transition from functors on smooth rigid spaces to functors on perfectoid
spaces in great detail. We do this by proving a very general rigid approximation lemma.
This will also be handy to complete some of the other steps, although only (B) uses it in its
full force. Proving the rigid approximation lemma is the goal of the next section.

3. A RIGID APPROXIMATION LEMMA

We now begin the proof of Theorem 2.7 with a rigid approximation lemma for the sheaf

0" = O* /05 introduced in Section 2.3. This will be required for step (B). For the state-
ment we use tilde-limits [20, (2.4.1)][33, §2.4] as well as a slight strengthening for affinoids:

Definition 3.1. For a cofiltered inverse system of adic spaces (X;);c; with qcgs transition
maps, and an adic space X, with compatible maps X, — X; for all i € I, we write
if on the underlying topological spaces, the maps induce a homeomorphism | X, | = lim | X/,
and if there is a cover of X by affinoid opens Uy for which the map lim, OU) = O(Us)
has dense image, where U C X; runs through all affinoid opens through which Uy, — X;
factors, and all 7. If moreover all X; and X, are affinoid, we write

Xoo & l'ngi

iel

if already the global sections lig(?(Xi) — O(X ) have dense image.
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Proposition 3.2. Let Y be an affinoid perfectoid space over K and let (Y;);er be a cofiltered
inverse system of affinoid smooth rigid spaces such that Y ~ limY;. Let X be a qcqs adic
space over K that is either smooth or perfectoid. Let U; — X X Y; be a qcgs étale map and
set Uj :=U; Xy, Yj and U :=U; Xy, Y. Then for all n > 0, the natural map

lim H3, (U, F) — HA(U, F)

Jj>t
s an isomorphism for F = O orF= Ot /w for any 0 # w € m.

Remark 3.3. e A priori, the fibre product X xY; is in the category of diamonds over
Spd(K, KT). But since Y; is smooth, this is represented by a sousperfectoid adic
space in the sense of Hansen—Kedlaya [34, §6.3]: the fibre product of X and Y; over
Spa(K) in the category of uniform adic spaces.

e The analogue of the proposition for F' = O% and O fails already for n = 0.

e With some more work, the assumption of the Proposition can be weakened, e.g. it
also holds in characteristic p: The proof for perfectoid X works without changes. For
rigid X, one can then use local sections of Frobenius to descend from the perfection.

Proof. The proof will be completed by a series of lemmas. We start with an easy observation:

Lemma 3.4. In the situation of Proposition 3.2, we have:
1. U= @jzi U; as diamonds.
2. If U — X XY is an étale cover, then so is Uy — X x Y for j > 1.

Proof. We have Y¢ = I'&niej Yi<> by [33, Proposition 2.4.5]. Part (i) follows since limits
commute with fibre product.

Part 2 follows from 1 due to the qcgs assumption: Namely, since U; — X X Yj is étale,
it is open [20, Proposition 1.7.8], so we can without loss of generality replace U; by its
quasi-compact open image. The statement now follows from the following Lemma. O

Lemma 3.5 ([29, Lemma 6.13.(iv)]). Let T = Um7T; be a cofiltered inverse limit of spectral
spaces with spectral transition maps. Let U C T; be a quasi-compact open such that T — T;
factors through U. Then already some T; — T; factors through U.

Proof. For any q : T; — T; in the inverse system, set Z; := T;\q~*(U). Then the assump-
tions imply 1£1 Z; = (. The desired result now follows from [5, 0A2W]. |

In order to continue, we need in the following several subcategories of the étale site:

Definition 3.6. 1. Let Z be a locally spatial diamond over K. Let Zgi-qeqs © Zét be
the full subcategory of quasi-compact quasi-separated étale morphisms U — Z. For
any adic space Z, this also defines Zs;qcqs via the identification Zg = Zﬁ.

2. If Z is an affinoid adic space over K, let Zgqst C Zet be the full subcategory of
objects Z' — Z which are successive compositions of rational open immersions and
finite étale maps. We call such maps standard-étale. By [32, Lemmas 11.31 and
15.6], these form a basis of Zg;. Note that we have Zgast C Zst-qoqs S Zes-

Next, we explain that in order to prove Proposition 3.2 for all n > 0, we can reduce to
the case of n = 0. We first note that for n = 0, the statement is the following:

Claim 3.7. In the situation of Proposition 3.2, for any U; € (X X Y;)st-qeqs With pullbacks
Uj - X xYjandU — X XY, we have

O (U) =limO"(U;),  O"/w(U) =limO* /= (U;).

Jj2i Jjzi
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Suppose that Claim 3.7 holds true. Then the case of n > 0 follows from very general
results on cohomology in inverse limit topoi:

Lemma 3.8. Let Z = @iel Z; be a cofiltered inverse limit of spatial diamonds over
Spa(K,K™"). Let F be an abelian sheaf on LSDg ¢,. Assume that for all i € I and
U; € Z; ¢t-geqs With pullbacks U; = U; Xz, Z; and U = U; Xz, Zo we have
F(U) =l F(U).

Jj>i

Then for alln > 0,
H™(U, F) = lig H" (U}, F).

j>i
Proof. Since the Z; are spatial, we have by [32, Proposition 11.23] an equivalence of sites
Zet-qeqs = 2- hﬂl Z; ét-qeqs- Write p; : Z — Z; for the natural projection, then by [5, 09YN]
our assumptions imply that Fy = liglj%, [L;lF z;, from which the statement follows formally
by [35, VI Théoréme 8.7.3] or [5, 09YP]. In fact, we will later only need the case n = 1, in
which case this is a simple Cech argument. |

We have thus reduced Proposition 3.2 to Claim 3.7. We now first prove Claim 3.7 for
qcgs perfectoid X . In this case, we can further reduce the claim to the following statement:

Claim 3.9. In the situation of Proposition 3.2, assume further that X is affinoid perfectoid.
Then for any U; € (X X Y;)spaee with pullbacks U; € (X X Y)stasr for j > i and U €
(X X Y)staet, we have
O (U)/05 (U) = lim O™ (U;)/O7 (U;),  OF(U)/w =lim O"(U;)/w.
Jj>i Jj2i
Indeed, suppose we know Claim 3.9. Then using the equivalence of sites
(X X Y)stast = 2- hgﬂ(X X Yi)sedét

and the fact that (X X Y)gaet is a basis for (X X Y)g, it follows upon sheafification that
0" (U) =lim O™ (U)), OF/w(U)=lim 0" /w(U;).

jzi j>i
More generally, we now also obtain these last two equalities if U; € (X X Y)¢t-qeqs, Decause
any such U; can be covered by finitely many objects of (X X Y;)stdst and their intersections
are again covered by finitely many objects of (X X Y;)staet due the gcgs assumption.
In a second step, this now implies Claim 3.7 for qcgs perfectoid X, by applying the same
covering argument to a finite cover of X by affinoid perfectoid subspaces.

We now prove Claim 3.9 step by step. We first treat the case that X = Spa(K, K™)
where (K, KT) is a perfectoid field. In fact, for the following discussion until Lemma 3.13
inclusively, we can allow the greater generality that (K, K™) is any non-archimedean field
of residue characteristic p. We fix a pseudo-uniformiser 0 # w € m.

Lemma 3.10. Let (Y;);er be a cofiltered inverse system of affinoid adic spaces over K with
an affinoid tilde-limit Y ~ ILIIK Then the following maps are isomorphisms:

limy O% () /O (Vi) = O* (V)07 (Y), Lm0 (¥;)/w — O*(Y)/m.

Proof. Let f € OT(Y). Then we approximate f by some f; € O(Y;) whose image in O(Y)
satisfies |f; — f| < |@|. In particular, we then have f; € O (Y). The condition |f;| < 1
defines a quasi-compact open subspace U of Y; through which ¥ — Y, factors. We may
apply Lemma 3.5 to this situation since any morphism between affinoid analytic adic spaces
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is spectral. Consequently, there is j > ¢ such that Y; — Y; factors through U, which means
that the image f; of f; in O(Y;) is already in O (Y;). This shows surjectivity.

Injectivity follows by a similar argument: If f; € O (Y;) is such that its image f € O (Y)
is already in wO™(Y), then some Y; — Y; factors through the quasi-compact open defined
by |fi| < |w| because Y — Y; does. Thus f; goes to 0 € O (Y;)/w.

The proof for O* is similar as the proof of [14, Lemma 2.17] goes through verbatim: To
see injectivity, let g; € O7(Y;) be in the kernel. Then since Y is quasi-compact, there is
€ > 0 such that |g; — 1| < |@|® on Y. By Lemma 3.5 we have g; € O;(Y;) for some j > i.

To see that the map is surjective, let f € O*(Y). By assumption, we can find approx-
imating sequences f; — f and f/ — f~! with f;, f/ € O(Y;). Then f;f/ — 1 and thus
fifl € O (Y) for i > 0. By the above argument, it follows that f;f/ € O (Y;) for some
j > i. But then f; € O*(Y;), which implies that f; is in the image of the map. O

According to Lemma 3.10, in order to prove Claim 3.9, it suffices to prove that U ~ lim Uj.
We now first prove this when U; = X x Y;. Recall that X is affinoid perfectoid in Claim 3.9.

Lemma 3.11. Let X and Y be affinoid perfectoid spaces and assume we have a tilde-limit
Y = %iLnYi for some smooth affinoid rigid spaces Y; over K. Then X XY =~ @X x Y.

Proof. Since X and Y are affinoid perfectoid, we have
O X xY)/w= ONX) @+ O (Y)/w.
The diamond X x Y is represented by an affinoid adic space (cf Remark 3.3): This is defined
by the Huber pair (B;[1/w], B;) given by setting A; := OF(X)®@0*(Y;) and defining B; to
be the integral closure of the image of A; in A;[1/w]. Consider now the composition
lim A; — lim B; — O (X x Y) L2 0T (X)®K+ O (Y).
Here the second map is OF evaluated on X x Y — X x Y;. We wish to see that this second

map is an almost isomorphism mod wo. This will imply that X x Y ~ l'mi X xY;.

By Lemma 3.10, the assumptions imply that O1(Y)/w = lim O*(Y;)/w, hence the above
composition is an almost isomorphism mod w. The statement now follows formally: Let us
axiomatise the argument for later reference.

Lemma 3.12. Let AL B % C be morphisms of O% -modules such that

e B is w-torsionfree
o f[l/w] and (go f)/w are both isomorphisms.

Then g/w is an isomorphism.

Proof. Let T C A be the w-power torsion submodule, then 7'/w < A/w is injective. The
map f/w is almost injective since (g o f)/w is. On the other hand, T — B is trivial since
B is w-torsionfree. This implies that T//co = 0. In particular, we have (A/T)/w = A/w.
We also have (A/T)[1/w] = A[l/w]. We may thus replace A by A/T and assume without
loss of generality that A is w-torsionfree. In particular, f is then injective since f[1/co] is.

In this situation, the cokernel of f is w-power torsion (since f[1/w] is an isomorphism)
but also w-torsionfree (since f/w is injective). Consequently, f is an isomorphism, thus
f/w is an isomorphism, and hence so is g/w given that (go f)/w is. O

Applying Lemma 3.12 to the given sequence finishes the proof of Lemma 3.11. (|

Finally, in order to prove Claim 3.9, it remains to add a standard-étale map on top of
X xY;. Setting Z := X xY and Z; := X x Y; to simplify notation, we wish to see:
Lemma 3.13. Let 7 ~ @Zi be an affinoid perfectoid tilde-limit of affinoid adic spaces
Z; over K. Let Uy — Z; be an object of Z; spas- For j > i write U; := U; Xz, Z; and
U :=U,; Xz, Z. If all of these are adic spaces, then U ~ yilj>i U;.
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Proof. We can prove this separately in the cases of finite étale maps and rational localisation.
Case 1: U; — Z; finite étale. Write S; = O(Z;) and S := O(Z). Similarly, for any j > i,
let R; :== O(U;) and R := O(U). By [32, Lemma 15.6] and [21, Lemma 8.2.17.(i)], the
map S; — R; is finite étale and we have R; = R; ®g, S; and R = R; ®g, S. To see that
ligj%Rj — R has dense image, it now suffices to see that we can approximate simple
tensors r ® s in R; ®g, S = R. For this we use that @O(Sj) — O(S) has dense image to
find a sequence s; € S; with s; — s. This implies r ® s; — r ® s, showing the desired dense
image property. By [20, Remark 2.4.3.(ii)], we also have |U| = lim |U;|. Thus U ~ lim U;.
Case 2: U; — Z; a rational open immersion. Since Z is affinoid perfectoid, we have ST :=
OF(U) £ 0°(U) = S°. Tt therefore suffices to prove that for all n € N,

liny O (1) /" = O°(U) /="
is an almost isomorphism. Second, by [29, Lemma 6.4], the rational open U C Z is of the

form Z(f1,..., fn/g) for some fi,..., fn,g € #(O°*(2Z)) with f, = @ for some N, and can
be written as

U =Spa(R,RY) where R*Z S°((f1/9)"?" ..., (fn)9)"/?7).

Set € := |@w™|. Then for every | € N, we can find j; large enough such that there are

iy fog, g0 in O(Z),) such that on Z we have for alli=1,...,n:
L
=" <e and g —g"|<e

1
Then on Z, the conditions |f; ;| < |gi| and | fil/ P < (gt pl| are equivalent, and thus cut out
the same rational open subspace of Z. For any j > j;, let

Uj=Zij(fi,-- fai/a),

then this means that U = Z Xz, U;. Moreover, we have a natural isomorphism
(o) ! [e]
S(fil9)' /7 ) e = S°(fia) i) [
given explicitly by
! ~ o
S° /@[Ty ..., T,/ (Tig"" — M7 25 S°jw[Ty,. .., T /(Tigi — fia),

1/pt _ -1 !
TZH<1+9 gz) (Ti_fz,z fi )
g aqi

Under these compatible identifications, in the limit over [, it makes sense to write

R jm 2 5° o | Lt

q

izl,...,nandleN}.

For fixed [, Lemma 3.5 implies that for j > j; we have f;;,g; € O (Z;). Let
Aj}l = O+(Zj)<fi’l/gl|i = 1, ce ,n), Bj = 0+(Uj).
Explicity, B; is the integral closure of the image of A;; in Ajyl[é]. In particular, we have
Bj[l/w] = Aj[l/w].
We now observe that by construction, for any fixed I/, the map
. . o a o ¢
lim A/ = i (O (2)) /@) fiafai] = (5°/@) fualai] = (8°/)[(fi/9)"¥]
J2i J2
is an almost isomorphism since this was true before tensoring with O (Z;,)[fi.1/g:]. Taking
the colimit over [, this shows that also

lim lim A,/ £ (5°/)[(fi/9)"/""] £ O (U) /=

leN j2g
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is an almost isomorphism. The desired statement now follows from Lemma 3.12 applied to
the sequence
hﬂ hﬂ Ai,l — hA’lBJ — O+(U)/’W
L jgz2n J
This finishes the proof of Lemma 3.13. g

Combining Lemma 3.13 with Lemma 3.10, we have thus proved Claim 3.9, which finishes
the proof of Proposition 3.2 for perfectoid X.

In order to deduce the case of smooth rigid X, it again suffices to prove Claim 3.7 in this
case. To this end, we return to our original setup that K is a perfectoid field over Q,. We
then have the following consequence of the perfectoid case:

Lemma 3.14. Let X be a smooth rigid space and let Y be affinoid perfectoid over K. Then
on X XY, we have

Of Jw = v (O] Jw).
In particular, this holds on any smooth Tigid space. Similarly, @éxt = V*@:.

Remark 3.15. We show a more general statement in [12, Proposition 2.14], which also says
that in fact, we can write = instead of =. But Lemma 3.14 is much easier to see:

Proof. The statement is local on X. We may therefore assume that X is affinoid and
that we can find an affinoid perfectoid pro-finite-étale Galois cover X = lim X; — X with
group G = @Gl Let U € (X X Y)stast be standard-étale, in particular affinoid, and let
U — X xY be the pullback. We can without loss of generality assume that U= @1 U, —-U
is affinoid perfectoid and pro-finite-étale Galois with group G. Then we have (OF; / @) (U) £
(O Jw)(U) since U is perfectoid and O is almost acyclic on affinoid perfectoids for both
the étale and the v-topology by [29, Proposition 7.13] and [32, Proposition 8.8], respectively.
Consequently,

(07 [=)(U) = (OF [=)(D)° £ (0% /=)(T)° = lin(OF /) (V) = O /w(U),

where the third step follows from Lemma 3.13 and Lemma 3.10 upon étale sheafification.
The case of O is analogous once we know that
X = —=X

04 (U) =0, (U).

To see this, let 7 be either the étale or the v-topology, then we have the exponential sequence
from [14, Lemma 2.18]:
0— 0, =5 lim 0F -0, — 1.
T—xP

This remains short exact after evaluating at U since O is acyclic on affinoid perfectoids in
both topologies. The desired statement now follows from the fact that Og (U) = O,(U) and
O (U) = OF(U) since U is perfectoid. O

It follows that in order to prove Claim 3.7 for rigid X, it suffices to prove the statement
for Of /@ replaced by OF /w, and @éxt replaced by @: - But since X is a qcqgs smooth
rigid space, there is a v-cover of X by a qcgs perfectoid space X such that X xx X is qcgs
perfectoid. Therefore the result now follows from the statement for perfectoid X.

This finishes the proof of Proposition 3.2. |

Our main application of Proposition 3.2 is that it implies the first part of Lemma 2.14.(B):
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Corollary 3.16. Let m: X — Spa(K) be a qcgs smooth rigid space. Then the morphism of
sheaves on Perf i 4

(R"Wét*@)()<> = R'rl O

étx

from (1) is an isomorphism for all n > 0. Similarly for OF /@ for any 0 # w € K.

Proof. Unravelling the definition, we see that both sides are the étale sheafifications of the
presheaves on Perf g defined as follows: The left hand side is
Y~ lim HE(X x 2,07)
Y—=Z
where Y — Z ranges through all morphisms to affinoid smooth rigid spaces Z over K, and

where we use Yei-qeqs = 2-HAIIZét_quS to see that it suffices to sheafify with respect to Y.
The right hand side is

Y HL(X xY,07).
We would like to argue that theses two presheaves are isomorphic on affinoid perfectoid Y
by Proposition 3.2 in the case of U = X x Y. To see that this applies, it remains to prove:

Proposition 3.17. Let (K,K™) be a non-archimedean field over Z, and let Y — Yy be
a morphism of affinoid adic spaces over (K, K*). Assume that Y is uniform and that for
any affinoid smooth morphism Y1 — Yy of topologically finite type also Y1 is uniform. For
example, this is satisfied when'Y and Yy are sousperfectoid. Let (Y — Y;);er be the cofiltered
inwerse system of all morphisms of adic spaces from Y into affinoid adic spaces Y; that are
smooth of topologically finite type over Yy. Then
Y ~ lim Y;.

<_

Y—=Y;
In particular, if K is perfectoid, then for any abelian sheaf F' on SmRigg ¢ and any n > 0,
we have

Hy (Y, F®) = lim H; (Y, F).

All of this remains true if we instead take the Y; to be open subspaces of unit balls over Yy.

Proof. That the assumptions are satisfied when Y and Yj are sousperfectoid follows from
[34, Propositions 6.3.3 and 6.3.4].

Let 0 # w € K be a pseudo-uniformiser. As the very first step, we consider a different
inverse system that is not yet smooth: Write Y = Spa(S, S*) and Yy = Spa(S, S5) and let
J be the partially ordered set of finite subsets of S*. For J € J, let S be the image of

by So(X5lje ) =S, X;m

and let S}r be the integral closure of the image S of SJ(XJ»U € J)in S;. Then S; C S,
and the Z; := Spa(Sy, Sj) form a cofiltered inverse system of adic spaces of topologically
finite type over Yy such that hgl Jeq S}r — ST is an isomorphism by construction: In fact,
already ligjej S0 — ST is an isomorphism. We thus have ¥ ~ ].&DJGJ Zj where we use
[33, Proposition 2.4.2] to see the required statement about the underlying topological spaces.
Here we use that S is uniform, so ST has the w-adic topology.

Passing to the inverse system I in the Lemma, we note that any morphism Y — Y; to
a smooth affinoid adic space over Yy factors through some Z;. We thus get a well-defined
map
(5) lim O (Y;) — lim O (Z;) = lim Syo

i€l JeJ JeJ

and it suffices to prove that this becomes an isomorphism after w-adic completion.
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We first note that the map is surjective: this is because any Z; has by its definition via
¢ a closed immersion into a closed ball Z; < B”, and B is smooth and thus appears as
one of the Y; on the left hand side. Thus Sy is in the image.

To see that it is in fact an isomorphism after w-adic completion, let Y — Z = Spa(R, RT)
be any morphism into a smooth affinoid over Yy. Let Zy C Z be the closure of the image,
i.e. the closed subspace cut out by the kernel N C R of the corresponding map R — S.

Claim 3.18. We have Zy =~ lim U where U ranges through the rational open neigh-
My cucz
bourhoods of Zy in Z.

Proof. Clearly hﬂO(U) — O(Zp) is even surjective, so it suffices to check the condition on
topological spaces: Both sides are subspaces of |Z|, so the map is necessarily a homeomor-
phism onto its image. It is also surjective: Let @ € |Z]\|Zy|, then there is f € N such that
|f(z)] # 0. Since w is topologically nilpotent and Z is quasi-compact, it follows that there
is k such that |f(z)| > |@*| on Z. Thus |f| < |@"| defines a rational open neighbourhood
of Zy that does not contain x. O

Lemma 3.10 now implies that @ZOCUCZ Ot (U) — O"(Z) becomes an isomorphism
mod @”. It follows that both sides of (5) agree mod w* with

lm O (U)/=",
Y—UCBY,

where the index category consists of morphisms from Y into rational open subspaces U C By,
of rigid polydiscs. This proves the first part of Lemma 3.17.

The part about cohomology now follows from Lemma 3.8. Alternatively, we could follow
the argument in [32, Proposition 14.9], or in [30, Lemma 3.16, Corollary 3.17]. O

Proposition 3.17 applied to Yy = Spa(K) thus finishes the proof of Corollary 3.16. O

A similar but much easier argument as in Corollary 3.16 completes step (E) of Lemma 2.16:
Corollary 3.19. For any n, N € N, the map from (1) for F = Z/NZ is an isomorphism
(R"meesZ/NZ)® =5 R Z/NZ.

Proof. Arguing as in the last proof, we see that the first term is the sheafification of

Y lim HE(X x Z,Z/N),
Y—~Z

whereas the second term is the sheafification of Y — HZ, (X x Y,Z/N). The two presheaves
agree by [32, Proposition 14.9] which applies by Proposition 3.17. |

In summary, we have in this section completed those parts of Lemma 2.14.(B) and
Lemma 2.16.(E) that concern the comparison of the bottom two rows.

4. COHOMOLOGY OF PRODUCTS OF RIGID WITH PERFECTOID SPACES

The main aim of this section is to complete the proofs of Lemma 2.14 and Lemma 2.16. We
start with cohomological computations for the sheaf O, for which we also prove the results
described in the first part of Section 2.2, namely Proposition 2.4 and Proposition 2.6.
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4.1. Cohomology of O. We begin with a few general lemmas on the cohomology of “mixed
tensor products” of rigid with perfectoid spaces, which are essentially coherent base-change
results. For these we crucially use Kiehl’s Theorem that RT'(X, O) is perfect for any proper
rigid space X.

Lemma 4.1. Let X be an affinoid rigid space over K and let Y be an affinoid perfectoid
space. Then for n > 0, we have HL (X xY,0) = 0.

Proof. This is true in much greater generality by an application of [21, Theorem 8.2.22(c)].
This applies here because étale maps that factor into rational embeddings and finite étale
maps form a basis for (X x Y')g by Proposition [32, Proposition 11.31]. |

Proposition 4.2. Let X be a smooth proper rigid space over K.
1. LetY be any smooth affinoid rigid space. Then

HA(X xY,0)=HL(X,0)®k O).
2. Let'Y be an affinoid perfectoid space over K. Then there are natural isomorphisms:
(1) HL (X xY,0) =HL(X,0) K O),
(i) H(X xY,0) =H}(X,0)®k O),
(iii) HI(X xY,0%/p*) £ HM(X,07 /p*) @+ OF /pF(Y).
i

In particular, R"m <> LO=HL(X,0)®k O and R"78,0 = H*(X,0) @k O.
3. Let Y be an aﬁnozd perfectozd space over K and assume that K is algebraically
closed. Then the following natural map is an almost isomorphism:

HE (X, Zy) @z, OT(Y) = H'(X x Y,0%).

We remark that these statements are all easier special cases of a much more general adic
version of Grothendieck’s “cohomology and base-change” which will be proved in the sequel
[17, Theorem 3.18]. For example, smoothness is not necessary for Proposition 4.2.1.

Proof. We start with part 2.(ii): Since X is quasi-compact separated, we can choose a finite
cover U of X by affinoids U; with affinoid intersections that are étale over a torus, and thus
admit toric pro-finite-étale covers U; — U;. Then any fibre product of the U; over X is
affinoid perfectoid. Consequently, the cohomology H. "(X,07") is almost computed by the
Cech complex C* (L{ O7) where U is the pro-étale cover of X by the U;.

Each H"(X,0™") has bounded p-torsion: This follows from the fact that the sheaves
in Proposition 4.3 are coherent, so H'(X, Q) is finite dimensional. By an application of
Lemma A.3.1 in the appendix, this implies that C?® (ﬁ ,O7) is a complex of p-torsionfree
p-complete K+-modules whose cohomology has bounded p-torsion.

We now add the factor Y: Clearly the U; x Y form a cover U x Y of X x Y such that all
spaces appearing in the Cech nerve are still affinoid perfectoid. Let O*(Y) = ST, then the
fact that C'*(U,OF) has cohomology of bounded torsion implies by Lemma A.3.2 that

H(X xY,0) ZH"(C*(U x Y,01)) £ H(C*(U, 0@+ 57T)
LH™M(C* (U, 07)) &g+ ST
ZHNX,0T) @K+ ST.

After inverting p, this gives the desired equality for 2.(ii).

Part 2.(iii) also follows from the displayed equation by comparing the long exact sequences
of 0 = Ot - O - OF/p*¥ = 0 for X x Y and X, using the 5-Lemma.

If K is algebraically closed, we also deduce part 3 using the Primitive Comparison The-
orem, [30, Theorem 5.1].
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Part 2.(i) follows by a similar argument using instead the cover #: By Lemma 4.1, the
group H™(U,0&S) computes HZ (X x Y,0). Since each H™(U, ©) is finite, we can now
again apply Lemma A.3.2 to the complex of K+-modules C*(U, O1) to see that:

HE(X xY,0) = H*(C*(U,0M) &g+ ST)[1] = H" (U, 0" )ok+ ST[5] = HE(X,0) @ S.

1
P
Part 1 can be seen similarly: By Tate acyclicity, H" (U x Y, O) computes H"(X x Y, O).
For any affinoid U C X, the map OF(U)& g+ O (Y) — OF (U x Y) has bounded p-torsion
cokernel since U x Y is uniform. Hence in the composition

H"(C*(U, 0@+ O (Y) = H*(C*(U,0T) &+ O (Y)) — H"(C*(U x Y,0™T)),

the second map becomes an isomorphism after inverting p, while the first map is an isomor-
phism by Lemma A.3. After inverting p, this gives the desired statement. (]

Second, we need the following result of Scholze:

Proposition 4.3 ([31, Proposition 3.23], [14, 2.24-2.25]). Let X be any smooth rigid space
and let v : X, = Xg be the natural morphism of sites. Then R"v,O = /\”Q}(,

Proof of Proposition 2.4. Using Proposition 4.3, we see that the 5-term exact sequence of
the Leray sequence for the morphism v is of the form

(6) 0= HL(X,0)» H{(X,0) » H(X,0%) 25 HZ(X,0) 25 H2(X,0).

If K is algebraically closed, it follows from the degeneration of the Hodge—Tate spectral
sequence [1, Theorem 1.7.(ii)] that dx = 0. This implies that the fourth map jx is injective.

The general case follows from this: It suffices to prove that dx = 0, or equivalently that
jx is injective. Let C be the completion of an algebraic closure of K. By Proposition 4.2 for
Y = Spa(C), the base-change of jx along K — C' admits an identification jx @k C = jx,.
This is injective by the algebraically closed case, hence jx is injective. |

We now move on to the relative Hodge—Tate sequence:

Proof of Proposition 2.6. The first part follows from comparing Proposition 4.2.1 and 2.
To see the second part, we tensor the Hodge-Tate sequence for X from Proposition 2.4
with O and see from Proposition 4.2.2.(i) and (ii) for ¢ = 1 that we obtain identifications

0 —— R'78,0 —— R'7%,0

d 1
0 — HL(X,0)® 0 — HYX,0)® 0 — HYX,Q'(X)® O — 0. O
We can now also address Lemma 2.16.(F):
Proposition 4.4. The map (R*7¢.0)° — R?718,0 is injective.

Proof. In the notation of the sequence (6) above, Proposition 4.2.2 for ¢ = 2 identifies this
map with jx®0 : HZ(X,0)®0 — H2(X,0)®0. This is injective by Proposition 2.6. [

From the case of i = 0 of Proposition 4.2, we will moreover deduce part (D) of Lemma 2.16
(see the end of this subsection). For this we will use the following consequence:

Corollary 4.5. Suppose that X is geometrically connected. Then
(76 0)¢ = O = 75,0 = 75, 0.
The analogous statements hold for Oy, O* and Ot /pk.
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Proof. The first part follows from Proposition 4.2.1-2.(i): Here we use that H°(X,0) = K
since X is geometrically connected. The cases of O* and Oy follow as these are subsheaves
of O.

For O1%/pk, we first recall that we have (. (O /pF)¢ = 75 (OF/p*) by Corol-

étx

lary 3.16. Second, we have 5, (OF/p*) = 78, (O* /p*) by Lemma 3.14. Finally, it follows

étx

from Proposition 4.2.2.(iii) that 7$, (0% /pF) = HY(X, 0% /p¥) @ O /p*. Tt thus remains to
see that HO(X, 0% /p*) £ KT /p*. For this we can use Proposition 3.2 to reduce to the case
that K is algebraically closed, where the statement follows from Proposition 4.2.3. |

We can also deduce a version of the Primitive Comparison Theorem relatively over Y:

Corollary 4.6. Assume that K is algebraically closed. Let X be a smooth proper rigid space
over K and let Y be affinoid perfectoid over K. Then the natural map

HJ (X, Z/p") @ OF(Y)/p* — H} (X xY,07 /p")
s an almost isomorphism for all m > 0. In particular, the natural map
H(X,F,) @ O"(Y) - H'(X x Y,0"7F)
is an almost isomorphism for all n > 0, compatible with Frobenius actions on both sides.

Proof. The first part follows from Proposition 4.2.3, using the sequence O+ — Ot — O+ /p*
and the fact that HZ(X,Z/p*) = H}(X,Z/p*) by [32, Propositions 14.7 and 14.8]. The
second part follows from the case of £ = 1 in the inverse limit over Frobenius. O

Proposition 4.7 (Kiinneth formula). Let X be a smooth proper rigid space and let Y be
affinoid perfectoid. Then there is a natural isomorphism for alln >0

HI(X x Y, Fy) = (HI (X, ) @ HA(Y.Fy)) & (HP(XF,) © HO(Y,F) ).

Proof. We consider the v-cohomological long exact sequence for the Artin—Schreier sequence

05F, -0 250 50

on X x Y. By Corollary 4.6.2, this yields a long exact sequence
LA Y XL, @ O(Y) » HY (X x Y,F,) —» HY(X,F,) @ 0°(Y) 25 .

Since H?(Y,0) = 0 for n > 1, we have H}(Y,F,) = coker(AS : O°(Y) — O°(Y)) and
H}(Y,F,) =0 for n > 2. It follows that we can rewrite the above as a natural extension

0 — Hy~'(X,Fp) ® Hy (Y, Fy) = Hy (X x Y, Fy) = Hy (X, Fp) ® H,(Y,F,) = 0.

Recall that mo(Y") is always a profinite space [5, Tag 0906]. By comparing to the case that
Y = mo(Y) is strictly totally disconnected, in which case H} (Y, F,) = 0, we see that pullback
along X xY — X x mp(Y) defines a natural splitting of the last map. |

We use this to complete the second part of Lemma 2.14.(E):
Corollary 4.8. For any N € N and n > 0, we have a natural isomorphism

R"7$

étx

7ZJN7 = R"r{.7/NZ.

If K is algebraically closed, this is isomorphic to HZ (X,Z/NZ), the locally constant sheaf
on Perfr ,, associated to the group HL(X,Z/NZ).
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Proof. For N coprime to p, this follows from general base-change results for the diagram

o
Xf)> —— Perfg ,

| |

<&
T,
X5 —% Perfy g,

namely by [32, Theorem 16.1.(iii) and Proposition 16.6], the base-change morphism
V*R"1$, Z/NZ — R"n8.Z/NZ

is an isomorphism, and v, v*F = F for any sheaf on Perfk ¢ by [32, Proposition 14.7].

The last sentence of the Corollary is clear when K+ = Of since any sheaf on Spa(K, O )t
is constant. The general case follows from this: Let j : Spa(K, Q) < Spa(K, KT) be the
natural open immersion, then it follows from [20, Proposition 8.1.2.(ii)] that

R /N7 = §oj* R e L/ NZ = 5. H (X, Z/NZ) = H4 (X, Z/N7Z).

For N a power of p, we can reduce by induction to the case of N = p. Then R"WS*IFP is
the v-sheafification of
Y= H} (X xY,Fp).
By Proposition 4.7, this is the locally constant sheaf of HZ (X,F,) = H(X,F,). O

At this point, we can complete the proof of Lemma 2.16:
Corollary 4.9. For any n > 0, the following morphisms are isomorphisms:
(}%nﬂ-ét*:U’POO)<> - Rnﬂc%*ﬂpoo - Rnﬂ-i?*:upoo

Proof. By quasi-compactness, it suffices to prove this for pi,~ replaced by p,m. We can check
the statement locally on Perf k ¢, and may therefore assume that K contains pi,m (K ). Then
ppm = Z/p™Z and the statement follows from Corollary 3.19 and Corollary 4.8. ]

Proof of Lemma 2.16. For Part (D), we use that by Corollary 4.5, the left-exact sequence
00

étx

0= 7 pipee — 7,08 =7

étx

is also right-exact. The analogous statements hold for 79,0 and (7. O)®. This implies
Lemma 2.16.(D). Part (E) is Corollary 4.9, (F) is Proposition 4.4. O

4.2. Cohomology of 0. We now move on to proving the remaining parts of Lemma 2.14
concerning the sheaf 0. For some relevant background information on this sheaf, the
interested reader might find it helpful to look at [14, §2.3-§2.4] on which some arguments in
the following are based. We begin with some preparations.

Lemma 4.10. Let X be a rigid space over an algebraically closed field K. Then evaluation
at points in X(K) induces a unique injective map fitting into the commutative diagram:

0" (X) ——— Map,(X(K), K*)

! l

O (X) « > Map,.(X(K), K*/(14+m)).

Proof. The first arrow is given by interpreting f € O*(X) as a morphism X — G,, and
evaluating on K-points. By the Maximum Modulus Principle, this sends f € O*(X) into
Map.s(X(K),1 + m) if and only if f € O (X). It now suffices to construct the bottom

map for affinoid X, where O (X) = O*[1](X)/O}(X) by [14, Lemma 2.19)] O

1
P
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Lemma 4.11. Let X be a smooth proper rigid space over K that is geometrically connected.

1. ForY any reduced rigid space over K, we have O (X x Y) =0 (Y).
—=X

2. For'Y any perfectoid space over K, we have O (X x Y) =0 (Y).
In particular, we have (Wét*6X)<> = wg*@x = m?*@x -0~

Proof. We first explain how to deduce part 2 from part 1: The statement is local on Y, so we
can assume that Y is affinoid perfectoid. By Proposition 3.17, we can then find an inverse
system of affinoid smooth rigid spaces (Y;);cs over K such that ¥ ~ 1&1 Y;. Assuming part 1,
we then have by Proposition 3.2:
—=X . ==X . =X =X
O (XXY):%(’) (XXY;)—%IO Y;)) =0

(¥).

N

Next, let us explain the last sentence of the Lemma: Recall that we had already seen in
Corollary 3.16 that (Wém@x)o = ﬂ'éi*@x. That Tr‘?t*@X = 71'&6X follows from Lemma 3.14.
Part 2 implies Wf*éx =0 immediately from the definition.

It thus remains to prove part 1. For this, we can assume that Y is affinoid and connected.
Second, we can without loss of generality assume that K is algebraically closed: Let K be
an algebraic closure of K and let C be its completion. Then to deduce the general case from
that over C, let G := Gal(K|K) and consider the G-torsor X x Yo — X X Y. Assuming
part 1 for C, and using that 0™ is a v-sheaf by Lemma 3.14, we then have

O (X xY)=0" (X xYe)? =0 (Yo)¢ = 0" (V).

X

Now for algebraically closed K, we start with ¥ = Spa(K). In this case, using that
X is connected, we compare to the universal pro-étale cover X — X of [14, §4]: Using
the exponential sequence 0 — O — OX[%] — O — 1 from [14, Lemma 2.18], we have a

commutative diagram

O*[2(X) — 0 (X) — HY(X,0)=0

T | T

- X

(’)X[%}(X) — 0" (X) —— HYX,0)

in which by [14, Proposition 3.10], the top row can be identified with the sequence
KX[%} - K*/(14+m)—1.

In particular, the first vertical arrow is surjective. The second vertical arrow is injective
since X — X is a Galois cover. This shows that O (X) = 0 (X) = K*/(1+m). In
particular, the boundary map O (X) — H'(X,O) vanishes.

We now move on to the case of general Y: We will show that the boundary map 9 of the
exponential sequence

0= H(X x Y,0) » H'(X x Y,09)[}] » H'(X x Y,0") & HY(X x Y,0)

vanishes as well. This implies the desired result: We already know from Corollary 4.5 that
the first two terms identify with O(Y") and OX(Y)[%}. Using Lemma 3.14 again, we can

then compute in the étale topology that their quotient is O (Y) because HL (Y, 0) = 0.
To see that 9 = 0, we can without loss of generality assume that (K, K1) = (K, Ok):

Indeed, pullback along Spa(K, Ok ) — Spa(K, KT) only changes the integral subrings, so the

comparison map H} (X xY,0) — H}(X xY X spa(k, K +) Spa(K, Ok), O) is an isomorphism.
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The idea is now to compare the boundary map of the exponential sequence for X and
X xY via the pullback along X — X xY for points in Y (K'). This results in a commutative
diagram:

H (X xY,0") ——— HYX x Y,0)

! l

Map(Y (K),0" (X)) — Map(Y (K), H}(X,0))
By Proposition 4.2, we know that
H, (X xY,0) = Hy (X,Q,) ®g, OY).
This shows that the right vertical map can be identified with H!(X, Q,) tensored with the
evaluation map s : O(Y) — Map;(Y (K), K). This is injective since Y is a reduced classical

rigid space, thus the right vertical map is injective. But the bottom map is = 0 by the case
of Y = Spa(K). Hence the top map vanishes, as we wanted to see. |

Finally, we turn to the remaining part of Lemma 2.14 (B), about the top morphism. We

need to compare étale and v-cohomology of 0" on products of X with perfectoid spaces:

Proposition 4.12. Let F = O™ /p andn € N; or F =0 and n € {0,1}.

1. Let X be a smooth qcqs rigid space and let Y be an affinoid perfectoid space over K.
Then
Hi(X xY,F)=H}(X xY,F).

2. Let'Y be any spatial diamond over K. Let X = @iel X; be a diamond which is a
limit of smooth qcqs Tigid spaces over K with finite étale transition maps. Then

lim, HJ(X; x Y, F) = H}(X x Y, F).
Part 1 is proved in much greater generality in [12, Proposition 2.14], but we will in the
next section also need part 2, from which it is easy to deduce part 1 independently.
Proof. The proof will be completed in several steps:

Step 1. We first observe that if Y is any qcqgs perfectoid space and S = @1 S; is a profinite
space, then by Proposition 3.2, we can apply Lemma 3.8 to S X Y ~ @Si X Y to see that

Hg (S x Y, F) = lim Hg (S; x Y, F) = lim Map(S;, Hg (Y, F)).
Step 2. When Y is affinoid perfectoid, then we have
lim HE, (X x Y, F) = H}(X x Y, F).
Proof. Choose any element 0 € I. By a Cech-argument, it suffices to prove the statement
after replacing Xy by a qcgs open U that admits a perfectoid (say, toric) cover Xoo o ~
l'ngjp — X with pro-finite-étale Galois group G = @Gj.
Let X;; := X; 0 xx, X; and to simplify notation let Z;; := X;; x Y. Furthermore, let

Zj = X xx, Zjo = lim, Z;.

In this notation, our space X x Y is Zy. In summary, we have a commutative diagram

Zoo —_— Zoo,O

L

Zo e Z070
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in which the left map is a pro-finite-étale G-torsor under a perfectoid space, and the top
morphlsm is a pro-finite-étale morphlsms of perfectmd spaces.

Since Zo, is perfectoid we have H™(Zoo, O /p) 2 H2(Zoo, OF /p), and similarly for [
by the exponential sequence of [14, Lemma 2.18]. We endow this with the discrete topology.
By Step 1, we then have

HE(Zso x G*, 0% [p) = Map, (GF, HE (Zoo, OF /p)).

It follows that the Cech-to-sheaf spectral sequence of Zoo — ZO is a Cartan—Leray spectral
sequence in the almost category

H}\(G HE (Zoo, O p) = HT ™ (2o, 0" Jp).

Since Zoo = ££n Zsoi = Zso,0 is a pro-finite-étale morphism of perfectoid spaces, we have
HE (Zoo, OF p) = limy HE(Zoo i, O [p) = lim lim H (Z;4, O /p)
i i

by Proposition 3.2. We deduce by [28, Proposition 1.2.5] that we now have for any n, m > 0:
HI(G, HE (Zoo, O Jp)) = limlimy H™ (G, HE (23, O* /).
(]

But these are the terms appearing in the usual étale Cartan—Leray sequence for Z;; — Zo ;:
H™(Gj, Hi (Zj:, 0% [p)) = HE ™™ (Zo,i, O /).
Thus the abutment of the first sequence is = héﬂz Hg‘t"'m(Zo’i, O7 /p), as we wanted to see.
The case of O is similar, but instead using only the 5-term exact sequence
0= HY (G, 0 (Zoo)) = HA(Z0,0) = HY(Zoo, 0 )¢ — H2 (G, 0" (Z))
which by the above arguments is the colimit over ¢ and j of
0= Hiyy (G, 07(Z50) = Hiy(Z0:,07) = Hi(25,07)% = HG (G107 ().
This finishes the proof of Step 2. O
Step 3. Part 1 holds.
Proof. This follows from Step 2 as the special case of X=X. O
Step 4. Part 2 holds for affinoid perfectoid Y.

Proof. 1t follows from part 1 that the left hand side of the statement of part 2 is equal to
lim H g (X; x Y, F). Thus this follows from Step 2. O

Step 5. Part 2 holds for general spatial diamonds.

Proof. Any spatial diamond admits a cover Y 5 Y by an affinoid perfectoid space Y such
that all finite products Y Xy Xy Y are affinoid perfectoid (e.g use [32, Propositions 11.5,
11.14 and Lemma 7.19)). Comparmg the Cech-to-sheaf spectral sequence

H™Y - Y, H™MX; x —, F)) = H" "™ (X; x Y, F)
to the sequence for X; replaced by X , we deduce the result from Step 4.
This finishes the proof of Proposition 4.12.

Towards Lemma 2.14, we can use this to describe the cohomology sheaves:
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Lemma 4.13. Let X,Y be locally spatial diamonds over K with X (K) # (). Let T be either
the étale or the v-topology and let F be a T-sheaf on LSD g such that the pullback F — w, F
of sheaves on Y, along m: X XY — Y is an isomorphism. Then the Leray sequence

0— HXY,n.F) = H{(X xY,F) = R'n..F(Y) = 1
i a short exact sequence.

Proof. This is a standard argument that we learned from Gabber’s simplification of [8,
Lemma 5]: The full Leray 5-term exact sequence is of the form

0— HXNY,n.F) = H:(X xY,F) = R*n,F(Y) = H3(Y,n.F) - H*(X x Y, F).
By assumption, the last map agrees with the pullback map
7 H2(Y,F) — H*(X x Y, F).
Any point « € X(K) now defines a splitting of 7*, showing that this map is injective. O
Proof of Lemma 2.14.(A)-(B). For part (A), we consider the a priori left exact sequence

O 0% 510 0F S,

étx étx

1= 78 OF =

étx
By Corollary 4.5 and Lemma 4.11, this gets identified with
150 50X 50" > 1,
which is short exact. Hence the boundary map Wéi*@X — leg*(?lx vanishes. This shows
the statement for the middle row. The other rows are completely analogous.
The first part of (B) was Corollary 3.16. To finish the proof of (B) it remains to prove

that the map
leg*@x — Rlﬂf*éx

is an isomorphism. We may prove this locally on Perfg ¢, and may therefore assume that
X (K) # 0. By Lemma 4.11, we can then apply Lemma 4.13 to get an exact sequence

1o HN(Y,0") 5 H(X xY,07) = R'z%07 (V) > 1.
It also applies for the étale topology, so we also get a short exact sequence

1o HL(Y,0) =5 HY(X xY,0°) = R'x3, 0" (Y) = 1.
The first two terms of these sequences are isomorphic via the natural maps by Proposi-
tion 4.12.1. Thus the third terms are isomorphic. O

5. PROOF OF MAIN THEOREM

At this point we have completed the proof of Lemma 2.16 and of (A)—(B) of Lemma 2.14.
We are left to prove Lemma 2.14.(C) and to explain how to deduce Proposition 2.15,
which is not completely formal from the diagram. Finally, we need to prove Corollary 2.9.
We can assume that X is connected. Fix a base point € X (K). We can then define the
universal pro-finite-étale cover from [14, §3.4]: This is the diamond X over K defined as
7:X:= lim X' — Spd(K
o 7 A

where the limit ranges over connected finite étale covers (X', 2") — (X, z) with 2’ € X'(K)
a choice of lift of the base point . This is a spatial diamond, and the canonical projection
X Xisa pro-finite-étale torsor under the étale fundamental group 71 (X, z) of X.

We first note that we have an analogue of Corollary 4.5 in the inverse limit:

Lemma 5.1. We have 7,0 = O on Perfy ., and similarly for Oy, 0%, OF and O /p*.
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Proof. We start with OF /p*: For this we deduce from Proposition 4.12.2 and Corollary 4.5:
OF/pF(X xY) £lim 0T /pF (X' x Y) £ OF /p*(Y)
. The case of O follows by taking the limit over k¥ and inverting p. The cases of O, O*
and O follow as these are subsheaves. O
We are finally equipped to prove that the Hodge—Tate sequence for O is short exact:

Proof of Proposition 2.15. We consider the morphism of logarithm long exact sequences

100 —— Rlﬂ'f*,upoo —— R'72,0f —— R'78,0 —— R27r§>*,upoo

d | [ | |

(’R'*O)Q — (.R]'’]'('ét*/,l,poo)<> — (leét*(’)f)o — (Rl’/Tét*O)O — (Rzﬂ'ét*/igo)o

for 7 one of ét and v. For either topology, the first vertical arrow is an isomorphism by
Corollary 4.5. The second and fifth arrow are isomorphisms by Corollaries 3.19 and 4.8.
For the étale topology, also the fourth arrow is an isomorphism by Proposition 2.6.1, and
we conclude the first part by the 5-Lemma.
For the v-topology, by splicing diagram (4) into short exact sequences, we can still deduce
from Proposition 2.6.2 that there is a left-exact sequence

0= (R, 01)° — Ra8.0r 2% go(x QL) @k Ga.

We are left to prove right-exactness. For this it suffices to prove that the map
log : R'7%,0F = R'7%.0

is surjective. To show this, we first assume that K is algebraically closed, then we can
argue like in [14, §3.5] (see the discussion surrounding [14, diagram (10)]): For any affinoid
perfectoid Y, consider the pro-finite-étale Galois cover

XxY 5 XxY

with group G := 7 (X, z). By Lemma 5.1, we have HY(X x Y, O%) = O (Y). The Cartan—
Leray sequence thus combines with the logarithm to a commutative diagram:

Homes (G, OX (V) + HL(X x Y, 05)

(7) llog J{log

Homes (G, O(Y)) — HMX x Y, 0).

We aim to see that the right vertical map becomes surjective upon sheafication in Y. The
left morphism becomes surjective since log : O — O is and since the maximal torsionfree
abelian pro-p-quotient of G = (X, ) is a finite free Z,-module [14, Corollary 3.12]. It
thus suffices to see that the bottom map is surjective: By Proposition 4.2.2.(ii) we have
HY (X xY,0)=H}X,0)®0(Y). Since Hom.s(G, O(Y)) = Homus(G, K) @x O(Y), this
map is — ®x O(Y) applied to the same map in the case of Y = Spa(K),

Homeys (m1 (X, 2), K) — H}) (X, 0),

which is an isomorphism since Hl()?, 0) = 0 by [14, Proposition 4.9].
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Returning to the case of general perfectoid K, consider the inverse system of finite sub-
extensions K C L C C, then there is base-change morphism of logarithm exact sequences

HY (X x Y, 0F) —%5 HY(X x Y, 0) —25 H2(X x Vi, tp~)

l l !

HY(X x Yo,07) =255 HY(X x Yo,0) —— H2(X x Ye, jipe)

Let z be an element in the middle of the top row, then by the algebraically closed case,
the image of = in the bottom row can be lifted along log after passing to an étale cover of
Yc. Using that Yo st-qeqs = 2-1im Y7, 4t-qeqs, We can assume that this étale cover comes via
pullback from Y7,. Replacing Y7, by this cover, we see that the image of 91, (z) in the bottom
row vanishes. But the rightmost vertical map becomes an isomorphism in the colimit over L
by [32, Proposition 14.9]. Hence 9z (x) vanishes for L large enough, and we find the desired
lift on the étale cover Y, — Y. O

Finally, we need to see that (R?me. O7)® — R*1$, O is injective:
Proof of Lemma 2.14.(C). We argue as in the last proof, but in one degree higher: Let
Cy := coker(log: Rl’]TC't*le — Rlﬂét*(’))o,
Cy := coker(log: R'7%,0F — R'78,0).
By Propositions 2.15 and 2.6, these fit into a commutative diagram

R'70.0F — 5 R0 ——— Oy

I I T

(Rlﬂét*(’)f)o —_— (.Z'?ul’lTéka))O e 017

in which the first two vertical maps both have cokernel Qk ® Gg4. As the second vertical
map is injective, this shows that the natural map C7 — Cs is an isomorphism. Continuing
the outer diagram in (4) further to the right, these terms fit into a long exact sequence

0 — Cy — R278 pipee — R270.07 —— R*78,0 ——— R378, pipee
] d [ J |
0 — Cl — (RQWét*MPOO)O — (R27Tét*oi<)<> — (RQWét*O)O — (Rgﬂ'ét*ﬂ,px)o

in which the first, second and last vertical arrows are isomorphisms by Corollary 4.9. The
fourth arrow is injective by Proposition 4.4. It follows that the middle arrow is injective. [J

This finishes the proof of Lemmas 2.14 and 2.16. As explained in Section 2.3, this in turn
completes the proof parts 1 and 2 of Theorem 2.7.
To get the partial splitting in part 3, we first introduce some notation: Let

A:=HX,0%) ®k G,.

We now use that the exponential exp : pOT — G,, defines a partial inverse to log on the
subspace 1 + pO™ C G,,. Moreover, for varying affinoid perfectoid Y, the natural maps
HY(X,0") @g+ OF(Y) — HY(X x Y,07) induce a morphism

HNX,0M) @Gl — R'x%pOT.
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Let A* C A be its image under R'78,pOt — R'78,O — A, then these combine to a
commutative diagram:

O O HT log
N L, —
0 Pch7et Pchﬂ) A

I [ T

0 —— HL(X,0") @G} —— HNX,0M) oG 215 4+

Since the image of H}(X,0%") — H}(X,O) is an almost finite free K +-module, we can find

a splitting s : HO(X, Q) — H}(X, ) that induces a splitting of HT ", and thus of HT log.
The part of 2 about tangent spaces also follows from the bottom row of the diagram.
This finishes the proof of the Diamantine Picard Comparison Theorem 2.7. (|
As usual, Theorem 2.7 in fact yields a precise description of the Picard group:

Corollary 5.2. LetY be a perfectoid space over K and assume that the rigid Picard functor
Picx ¢ is represented by an adic space G. Then any v € X (K) defines an isomorphism

Picet (X x Y) = Picgt (V) x G(Y).
Proof. This follows from Theorem 2.7 and Lemma 4.13 which applies by Corollary 4.5. O

Proof of Corollary 2.9. 1. By Theorem 2.7.1-2, the sheaf (Picx ¢ )¢ is the kernel of a mor-
phism of v-sheaves on Perf g, hence it is itself a v-sheaf.

2. Let us for simplicity write Pic§>(,ét for the Picard functor defined on all of LSD ¢, and
similarly for the v-topology. We claim that for rigid Y, the natural sequence

1= Picg (V) = Picd, (V) 1% HO(X,04) ok O(Y)

is still left-exact. It then follows that Pic?(, « 1s still the kernel of HT log on rigid spaces.
But HT log is a morphism of v-sheaves, and thus its kernel is a v-sheaf.
To see that the sequence is left-exact, we study the following commutative diagram:

1 = HL(Y,0%) — HL(X xY,0%) —— Pic%ét(Y) — 1

| l !

1 — HL{Y,0%) — HYX x Y,0%) ——— Pic{ (V) —— 1

lHT log lHT log lHT log

0 — HY,QL) — HO(X xY,,Q% ) = HY(X,QL) @ O(Y) = 0

Here the first two columns are the left exact Hodge—Tate logarithm sequences [14, The-
orem 1.3] associated to the rigid spaces Y and X x Y, respectively. The first two rows
are the exact sequences from Lemma 4.13. The bottom row is also exact, since

QX xY) = (Q'(Y) @k O(X)) & (2'(X) @k O(Y))

and O(X) = K. The leftmost HT log in the diagram becomes surjective after étale

sheafification in Y. It follows from a diagram chase that also the third column is exact.

Clear from Theorem 2.7.1.

4. By part 2, if Y/ — Y is a pro-étale perfectoid cover of a rigid space, we have descent for
étale line bundles along X X Y/ — X x Y. One also has v-descent for maps into G.

5. When Pic%v is representable by a rigid group, then the short exact sequence (3) in

e

Theorem 2.7.2 expresses Pic%ét as the kernel of a morphism of rigid groups, hence

Pic%ét is itself represented by a rigid group.
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To see the converse, let AT be the bounded open subgroup of A = H°(X, ﬁ%{) ®K G,
described in Theorem 2.7.3 and consider for any n € N the short exact sequence

0 = Picx — Pick), = p A" =0

defined by the fibre of (3) over the open subgroup p~"A*. Then we have

. o . (n)
Picyx , = UneNPch’v7

so it suffices to prove that each Picg?,)v is represented by a rigid space. For any n we have
a morphism of short exact sequences of v-sheaves, exact in the étale topology

0 —— Picx g — Pic{), —— p AT —— 0

l[p"] | zlp"

0 — Picy g — Picly), At 0.

By Theorem 2.7.3, the bottom sequence is split. In particular, the middle term is repre-
sented by a (smooth) rigid group variety if and only if the first term is.

By [32, Lemma 15.6] any diamond that is étale over a rigid space comes from a rigid
space, so it suffices to prove that the middle arrow is an étale morphism of diamonds.

To prove this, we may work v-locally and assume that K is algebraically closed. By
the long exact sequence of 773*, the kernel of the left vertical map is Rlﬁg* fpn Which by
Corollary 4.8 is represented by the finite étale rigid group G,, := HZ (X, ppn). It follows
from the diagram that then also the middle vertical map is an étale torsor under G,,. [

5.1. Translation-invariant Picard functors. If X = A is a proper rigid group variety,
i.e. an abeloid variety, then there is a variant of the Picard functor that is frequently used,
for example by Bosch—Liitkebohmert [3, §6]: the translation-invariant Picard functor. We
finish this section by noting that the Diamantine Picard Comparison Theorem easily implies
a translation-invariant version. We will use this in [11] to prove a uniformisation result for
abeloids.

Definition 5.3. Let A be a connected smooth proper rigid group. Denote by my,me, m :
A x A — A the two projection maps and the group operation, respectively. For any rigid or
perfectoid space Y, we denote by PicZ (A x Y') the kernel of the map

7] + 75 —m”* : Picgt(A X Y) — Picgt(A x AXY).
The translation-invariant Picard functor Pic’, of A is defined as the kernel of the morphism
w1 + 715 —m* : Picy — Picaxa.
We analogously define the translation invariant diamantine Picard functor Picﬁj;}t - Picﬁ’ 6t

By duality theory of abeloids, developed by Bosch—Liitkebohmert [3, §6], the functor
Pic’, is represented by an abeloid variety AV that is called the dual abeloid. We deduce:

Corollary 5.4. We have PicX;}t = (Pic})® and this functor is represented by AV®. In
particular, for any perfectoid space Y over K, we have Picl, (A x Y) = Pic(Y) x AV(Y).

Proof. The first statement follows from Theorem 2.7.1 by exactness of —%. The last part
follows from Lemma 4.13 which shows that specialisation at 0 € A(K) defines an isomor-
phism Picg (A x Y) = Pic(Y) x Picﬁ (Y). The same holds for A replaced by A x A. We get
the desired statement by comparing kernels on both sides of the maps in Definition 5.3. O
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APPENDIX A. LEMMAS ON COMPLEXES OF BANACH ALGEBRAS

Let R be any ring and let w € R be any element. We recall that an R-module M is said
to have bounded w-torsion if M[w@™] := UpenM [w"] is equal to M[w"] for some n € N.

Lemma A.1. I[f A — B — C — D is an exact sequence of R-modules in which A and D are
killed by w™ for some n € N and B has bounded w-torsion, then C has bounded w-torsion.

Proof. This is an elementary diagram chase: Choose n large enough such that B[w™] =
Blw"]. We claim that C[w™] = C[w?"]. Let € C[w"] for some N. Then w"x lifts to an
element y of B, and @Vy goes to @ ™"x = 0 in C, hence lifts to A. Since A is killed by =",
this implies w7y = 0. Since B[w™] = B[w"], this shows w"y = 0, hence w?"z =0. O

Lemma A.2. Let C7 — C3 — C3 be a short exact sequence of complexes of R-modules.
Suppose that for each n € Z, the module H"(C3) has bounded w-torsion and H™(C3) is
killed by w" for some k € N. Then H™(C?) has bounded w-torsion.

Proof. We apply Lemma A.1 to the long exact sequence of cohomologies. O

Let (K, KT) be any non-archimedean field. We now specialise to the setting that R = KT
and w € K1 is a pseudo-uniformiser.

Lemma A.3. Let C* be a bounded complex of w-torsionfree w-adically complete K-
modules. Suppose that C*[L] is a complex of K-Banach modules such that H™(C*[X])
is finite-dimensional for all n € Z. Then:

1. H™(C*®) has bounded w-torsion.

2. For any w-torsionfree K -module S, we have
H"(C*®g+S) = H"(C*)&x+S
where @ denotes the w-adically completed tensor product.

Proof. By [27, §I1.5 Lemma 1], there exists a perfect complex P® of K-vector spaces and
a quasi-isomorphism f : P* — C’[%]. Choosing K *-lattices in each P™ and rescaling if
necessary, we can find a perfect complex P * of K*-modules such that P“‘"[%] = P*® and
such that f admits a K T-model
fr.pte e,
Let L be the mapping cone of f+, then we have a short exact sequence of K+-complexes
0—-C®*—L— P[] —0.

Since f is a quasi-isomorphism, L[é] is an exact complex of K-Banach modules, so we
have H "(L)[%] = 0. By a standard argument, it now follows from Banach’s Open Mapping
Theorem that H"(L) has bounded w-torsion for all n € N. (We learnt this argument from
the proof of [29, Proposition 6.10]. See e.g. [16, Lemma A.3.1] for a proof of the statement.)
The modules H™(P**) are finitely presented K "-modules, hence they also have bounded
w-torsion. Therefore, Lemma A.2 applies and shows part 1.
For part 2, we note that S is a flat K T-module. The result therefore follows from part 1

by [16, Lemma A.3.6], or alternatively [17, Proposition A.3.1]. |
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