PICARD FUNCTORS OF PRO-ETALE UNIVERSAL COVERS

BEN HEUER

ABSTRACT. We study Picard functors of the universal pro-finite-étale perfectoid cover X
of a smooth rigid space X in three different setups: First, we treat the case when X is a
smooth projective curve. We show that for such X, the Picard functor of X remembers
the Jacobians of the reduction of all finite étale covers of X, consistent with conjectures on
pro-étale uniformisation. Second, we treat abelian varieties: By way of a perfectoid Appell—-
Humbert Theorem, we show that the Néron—Severi group of A is a finite Q-vector space
which can have strictly larger dimension than the Néron-Severi rank of A. Nevertheless,
every line bundle on A comes from some abeloid variety. Third, we consider the case of
perfectoid tori, which we prove to have very large Picard groups, in contrast to rigid tori.

1. INTRODUCTION

Let K be a complete algebraically closed non-archimedean field over Z,. Let X be a
connected smooth rigid space over K considered as an adic space and fix a base-point = €
X (K). We consider the pro-finite-étale universal cover of X, defined as the cofiltered limit in
the category of diamonds of all connected finite étale covers of X with a lift of x to X' (K):

X= lm X
(x ’,x’()_—>(X @)
In [17, §4], we have argued that this is an analogue of the universal cover of complex manifolds
in complex geometry: First it is “simply connected” in the weak sense that any finite étale
cover of X is split and H(X,O) = 0. Second, it is uniformising in the sense that X becomes
isomorphic for a large class of different X in the case when X is an abelian variety [16], and
conjecturally also when X is a curve. Third, we had shown in [17][14] that X can be used to
replace the role of the complex universal cover in the p-adic Simpson correspondence. Each
of these features naturally leads to the following natural question:

Question 1.1. What is Pican(f( )? More precisely, consider the natural map

(1) lim, Pican(X) — Pican (X).
What is its kernel, and how far is it from being surjective?

In this article, we answer Question 1.1 when X is a curve, or an abelian variety, or a torus.
In fact, we will describe not only the Picard groups, but even the Picard functors. But let us
first state a particularly clean special case of our main result in terms of Picard groups:

Theorem 1.2. (1) If X is a curve over C,, or (C;’ then the degree defines an isomorphism
Pic(X) = Q.
(2) If X is an abeloid variety over C, or (CZ, then Pic()?) is the finite Q-vector space
Pic(X) = Hom (X, X V)™

of symmetric homomorphisms from X to the universal cover of the dual abeloid variety
XV. Not every line bundle L on X comes from a finite cover of X, but we can always
find some abeloid variety X' such that L is the pullback along some map X — X'.
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1.1. Motivation 1: The p-adic Simpson correspondence and a question of Faltings.
Our main motivation for Question 1.1 stems from an open question of Faltings in the context
of p-adic non-abelian Hodge theory: When X is a smooth projective curve, Faltings has
constructed in his influential work [8] a fully faithful p-adic Simpson functor

) {cts. representations of m (X, z)

on fin. dim. K-vector spaces } - {nggs bundles on X}'

Such a functor was more generally constructed in [19] for any connected smooth proper rigid
space, and the universal cover X plays a key role in the construction. Faltings asks in his
article how to describe the essential image of S, and this is now the main open question about
the p-adic Simpson correspondence. Partial answers for curves are known due to Deninger—
Werner [7], but especially following the recent work of Andreatta [1], Faltings’ question is
now completely open and is expected to be very hard.

By construction of the p-adic Simpson functor, Faltings’ question can be rephrased as
asking which vector bundles on X become trivial after pullback along X — X. Based on this
reformulation, an answer to Faltings’ question is known in the case of line bundles: In [17][14],
we described the essential image of the characters m1 (X, 2) — K> under the p-adic Simpson
functor. They key idea is to consider moduli spaces of both sides and to study the kernel
of the pullback map between moduli functors Picx — Picg. Namely, we showed that this
behaves roughly like a reduction map from an abelian variety to its special fibre. However,
we only described the kernel, stopping short of describing Pic ; itself.

Since this is the only known method to describe the essential image of the p-adic Simpson
functor for line bundles, this strongly suggests that in order to answer Faltings’ question
in higher rank n € N, we should study the geometry of the moduli stack Bung —of rank n

vector bundles on X. Recall that classically, the description of the moduli space of semi-stable
bundles on a curve relies on describing vector bundles of degree 0 as successive extensions of
line bundles of varying degree. This requires an understanding of the geometry of the full
Picard variety (see e.g. [29]). We expect the same to be true for the universal cover X. For
this reason, in order to understand the pullback map Bunx , — Bun)an for n > 2, we want
to first understand all of Pic g, not just the kernel of the pullback map.

In summary, we propose that the first step in answering Faltings’ question to understand
the full Picard functor Picg. This is the goal of this article.

1.2. Motivation 2: Uniformisation. In [16], we had seen that universal covers A of abelian
varieties A over K are “locally constant” in the moduli space, and we asked whether the same
holds for curves. We even asked if a stronger result could be true, namely that all curves C'
of genus > 2 might have isomorphic universal covers C, like in complex geometry.

A natural test for this conjecture is to compare invariants of the covers C as C varies,
in particular cohomology with various coeflicients. However, due to the “pro-étale simply
connectedness” of C, the étale cohomology of C' with Z,- or Z;-coefficients vanishes, as does
its cohomology with O or O™ -coefficients.

In the case of abelian varieties, we had seen that instead, Picard groups, i.e. cohomology
with O*-coefficients, provide a useful invariant to study morphisms between universal covers.
While these turn out to be yet too coarse for curves, we show in this article that the Picard
functor has enough structure to show that certain universal covers cannot be isomorphic.

In cases in which the universal cover is locally constant in p-adic families, e.g. for abeloids,
studying line bundles of X means studying the behaviour of Picard ranks in families.

In the case of abeloids, the category of vector bundles on A is moreover of interest for a
generalisation to abeloids of the Theorem of Matsushima, Morimoto, Miyanishi and Mukai
[27, Theorem 4.17] characterising homogeneous vector bundles on A.

1.3. Main results: Picard functors. In this article, we answer Question 1.1 in three new
settings which we now describe. Each of them sheds some new light on the situation; for
example, in two of these cases, the map (1) is not surjective, each for a different reason.
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The three instances of Question 1.1 that we study are

(a) when X is a smooth projective curve of genus > 1,
(b) when X is an abeloid, or
(c¢) when X is a rigid torus.

In all of these cases, X is perfectoid.
Let X be any smooth proper rigid space over K of characteristic 0. The (smooth) rigid
analytic Picard functor is defined by

Picx : {Smooth rigid spaces over K} — Sets, S — Pic(S x X)/Pic(95).

Conjecturally, this is always represented by a rigid group variety, and this is known for
example for curves and abeloids. If that is the case, the identity component of Picx, which
is conjectured to always be semi-abeloid, is denoted by Picg(7 and the quotient

NS(X) := Picy /Pic%

is called the Néron—Severi group, which is conjecturally a finitely generated abelian group.
We had shown in [14] that when Picx is representable, the diamantine Picard functor

Pic$ : {Perfectoid spaces over K} — Sets, S+ Pic(S x X)/ Pic(S)

is represented by the same rigid space as Picx. We can analogously define a “diamantine
Picard functor” Picg for the universal cover. Our first goal in this article is to show that
there is again a natural notion of Pic® and Néron-Severi groups in this context:

Theorem 1.3. Let X be a smooth proper rigid space over an algebraically closed non-
archimedean field K of characteristic 0. Then we have a short exact sequence

0— lim Pick — lim Picx - Picg - Q —0
X'—X X'—X o

where @ is the locally constant sheaf associated to the discrete abelian group

Q :=Pic(X)/ lim Pic(X).

X' X
In particular, we get natural definitions
Pic% := limim(Pick, — Picg),
NS(X) := h_r)ncoker(PicO(X') — Pic(X)).

This reduces the study of the Picard functor of X to that of the Picard group Pic()?) and
that of the Picard functor of each rigid space X'.

1.4. Main results — Curves. Let now X = C be a connected smooth proper curve of genus
> 1 over K, which we assume to be of characteristic 0. Recall that in the rigid setting, the
rigid analytic Picard functor

Picc : {Rigid spaces over K} — Sets, S — Pic(S x C)/Pic(S).
sits in a short exact sequence of rigid group varieties
0= Jo — Pice 22,7 0,
where J¢o is the Jacobian of C.

Theorem 1.4. The degree map induces an exact sequence
0= lim Jor/J& = Picg <5 Q =0
Cc'—=C
where C! — C ranges over all finite étale covers and where Joi is the Jacobian of C'. In
particular, if K = C,, there is a natural isomorphism

deg : Pic(C) =5 Q.
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When C has good reduction, this shows that the Picard functor “remembers” the Jacobians
of all finite étale cover of the reduction of C. We can use this to prove:

Corollary 1.5. Let K be either of characteristic p or an extension of C, with residue field
strictly larger than F,,. Then there are curves Cy and Cy over K such that

Ch # Cs.
In other words, the strong p-adic Uniformization Conjecture only has a chance of being
true over C,, (or extensions that don’t increase the residue field).

1.5. Main results — Abeloids. Let A be an abeloid variety, i.e. a connected smooth proper
rigid group variety, for example an abelian variety. Using a perfectoid version of the classical
Appell-Humbert Theorem, we then obtain a description of the Picard group first of the
universal cover A:

Theorem 1.6. There is a natural exact sequence

— 0.

0— AY/AV* — Pic(A) — Hom(A, A)™"
Here the first term is Pic’(A) and the third is NS(A), which is a finite dimensional Q-vector
space. The first term vanishes if K = C,.

In particular, the Néron—Severi group of A can be described in a very similar way as this
can be done for complex abelian varieties following Riemann, or in the rigid setting following
Bosch-Liitkebohmert. We can use this to get an interesting take on Question 1.1: While the
theorem shows that in general, the map

Pic(A) ® Q — Pic(A)

may have non-trivial cokernel, the second part can be used to show that Pic(A) can be fully
described in terms of abeloids when we take into account the fact that there are many different
abeloids with isomorphic covers [16]:

Corollary 1.7. For every line bundle L € Pic(A), there is an abeloid variety A’ and an
isomorphism A = A’ such that L is in the image of Pic(A') — Pic(A).

This gives a complete answer to Question 1.1 in the case of abeloid varieties.

1.6. The non-quasicompact case. In [17], we have compared the analytic Picard group
Pican(X) to the v-Picard group Pic,(X ) of the associated diamond, and we have seen that
the latter is typically strictly larger. The reason for this discrepancy is that there can be line
bundles on perfectoid pro-étale covers X, — X with descent data for which analytic descent
is not effective. This happens for example when X is a torus (as a qualitative statement, this
follows from [17, Theorem 1.2b]). In this regard, this paper complements our earlier results
by describing the origin of these additional line bundles.

Finally, to complement our study of diamantine Picard groups of proper smooth adic
spaces, we also study Question 1.1 in the case of the rigid torus 7" with its p-adic universal
cover

f:@ﬁ,
(p]

which equals TP if char K = p. Whilst in the rigid analytic case we have
Pican(T) =1,

it turns out that the perfectoid torus T has huge Picard group. This is related to the failure
of sums of the form ) _y pl/P" X1/P" to converge p-adically, giving rise to many glueing
data for trivial line bundles on increasing annuli that cannot be trivialised globally (a similar
phenomenon appears in the rigid setting for open disks over base fields that are not spherically
complete [22, Proposition 6], but not for rigid tori).
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In contrast to the cases of curves and abeloids, where the additional v-topological line
bundles on X came from descent data on the trivial line bundle, this shows that “most”
v-line bundles on T arise from non-trivial line bundles on T'.

Notation. Throughout we denote by K a complete algebraically closed non-archimedean
field of residue characteristic p. Let Ok be the ring of integers, m the maximal ideal, and T'
the value group. We fix a pseudo-uniformiser # € m. The group K*/(1 + m) will play an
important role, and we will sometimes abbreviate it by K /Xm to ease notation.

For topological spaces T, S we write C(T,S) for the set of continuous morphisms 7' — S.
For any topological group G, we denote by G the subgroup of topologically p-torsion elements

G ={z e Gz — 0 for n — co}.
We denote by G* the subgroup of G of topological torsion elements, i.e.
G" = {2 € G|2™ — 0 for n — oo}.
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2. PICARD FUNCTOR OF UNIVERSAL COVERS

Our first goal is a general result about Picard functors of universal covers:

In this section, let X be a connected smooth proper rigid space over an algebraically
closed non-archimedean field extension K of Q,. We recall from [17, §4.3] the definition of
the universal cover of X:

Definition 2.1. Fix a base point # € X (K). The pro-finite-étale universal cover of X is the
diamond _
BT /
X = lm X
X' X
where the limit is over all connected finite étale covers X' — X together with a lift 2’ € X'(K)
of x.

One of the main results of [14] was the following result about diamantine Picard functors
of universal covers:

Theorem 2.2 ([14, Theorem 4.1]). There is a short exact sequence
0 — Picy — Picx — Picy.
Here we the first term denotes the topological torsion subgroup:
Definition 2.3 ([18, §2.2, Proposition 2.14]). Let G be any topological group. Then we
denote by G* C G the subset of elements x € G such that V' — 1 for N — co. We denote
by G C G the subset of 2 € G such that z?" — 1 for n — .

Let H be any rigid group over K. Then we denote by H'* C H the open subgroup that
represents the evaluation functor Hom(Z H ) — H. We similarly denote by H C H the open

subgroup represented by Hom(Z,,, H), then H(K) = }T(?)

The first goal of this section is to complement this result by describing the cokernel on the
right. This is achieved by the following result:

Theorem 2.4. Let X be a smooth proper rigid space over an algebraically closed non-
archimedean field K of characteristic 0. Then we have a short exact sequence
0— lim Pick — lim Picy = Picg —Q —0
X'=5X X'—X o
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where @ is the locally constant sheaf associated to the discrete abelian group

Q :=Pic(X)/ lim Pic(X).
X=X

Proof. It suffices to prove the following statement:

Proposition 2.5. Let T be affinoid perfectoid. Then the map

lim Pic(X’ x T) x Pic(X) = Pie(X x T)
X'—=X

18 surjective.

As a first step, we claim that the following morphism is surjective:
HY(X x T,07)[}] x HY(X,07) = H'(X x T,07).
By rigid approximation, we then have
HY (X xT,0") =lim H'(X' x T",07)

where T'— T’ ranges through all morphisms to affinoid smooth rigid spaces. We can therefore
reduce to showing that for 7" a connected reduced rigid space, the map

(2) HYX x T,0°)[}] x HY(X,07) = H'(X x T,07)

is surjective. For this we compare the boundary maps of the exponential sequence for X and
X x T, which fit into a morphism of long exact sequences

HYX,0") ——— H*(X,0) —— H*(X,0%)[}]

[ ] [

HY(X x T,0°)[}] — HY(X xT,0") —— H*(X x T,0) —— H*(X x T,0%[2)).
By [15, Lemma 5.11], the bottom boundary map admits a factorisation via the dashed arrow.
Since T is a rigid space, it always has a K-point. Specialisation at this point defines a section
of the vertical maps, which are thus injective.

Let now « be any class in Hélt (X x T,@X ). Then chasing the diagram we see that there is
a class o/ in Hj, (X,0”) which has the same image in HZ (X x T,0). Thus a — o is in the
image of H'(X x T, OX)[%] This proves that the map in (2) is surjective.

We now consider an analogous diagram for X and an affinoid perfectoid space T: Here we
have a morphism of exact sequences

0 —— H'(Xp,0) — s H(Xp, 0 ) —— s H%(Xy,0)

I I I

HY (X7, 0%[1]) x Pie(X) » HY(X7,07) x HY(X,0") + H?(X7,0) x H*(X,0).

It now follows from a diagram chase that the leftmost map is surjective: Let o be an element
on the top left and consider its image in the middle. Then by the first part of the proof, this
is the preimage of an element 8 = (81, 82) in the bottom middle term, where the first entry
already comes from the left. In particular, 8 goes to (0,(82)) under the boundary map. The
image of this in the top right is 0 as a comes from the top left. But since the rightmost map
is injective on the second factor, it follows that § already comes from the bottom left. As the
top left morphism is injective, it follows that « is in the image of the leftmost map. O
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3. PICARD GROUPS OF UNIVERSAL COVERS OF CURVES

Building on the last section, we now study the Picard groups of universal covers of curves:
More precisely, let C' be a connected smooth proper curve over K. Let A be the Jacobian.
Choose a base point x € C, this induces a map C — A. Let g be the genus of C. For a
uniform treatment, we explicitly allow the case of g = 0, in which case we set A = 1.

3.1. The universal cover. Consider the pro-finite-étale universal cover
C:= lim '
C%C

given as the limit over all connected finite étale covers C’ — C with a chosen lift of base
point. If ¢ > 1, this is represented by a perfectoid space by [3, Corollary 5.7]. If g = 0, we
simply have C = C. In either case, in dimension 1, we have the following strengthening of
[17, Proposition 3.10].

Proposition 3.1. We have for any i € Z>o and any N € N:

fori=0,

. . - Z/NZ
H!(C,Z/NZ)=H! . (C,Z/NZ)=
v( / ) qproet( / ) {0 fOT’i > O

Ok fori =20,

H,(C,0") = H,,(C,0") = .
0 fori>0.

Proof. For i =0 and ¢ = 1, this is proved in [17, Proposition 3.10]. To see the statement for
1 > 1, recall that

H!(C,Z/NZ) = H!

éproc’t(

C,Z/NZ) = lim H'(C',Z/NZ)
C'—C

by [32, Proposition 14.9]. Since we have H'(C’,Z/NZ) = 0 for i > 2 by [9, Proposition 8.4.1],
this proves the statement for ¢ > 2. The same Proposition says that

HZ(C',Z/NZ) = (Pic(C")/N)(—1) = Z/NZ(-1)

via the Kummer sequence and the degree map. It thus suffices to observe that for every line
bundle L on C’ with Albanese A’ the pullback along [N]: A" — A’ kills deg L mod N.
By [32, Proposition 3.40.1/2], we have

H(C,0%/p") = lim H(C',0% /p").
Cc’'—=C

By the Primitive Comparison Theorem [34, Theorem 5.1], we have
H (C' % Y) = H, (C, Z/p") ® Ok /p".
Since lim , H: (C',Z/p™) = 0, we deduce that
HI(C,0% /p) ~ 0.
The desired statement follows in the limit using that the v-site is replete. O

Corollary 3.2. Pic(C) is a divisible group.

Proof. Immediate from the Kummer sequence. O
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3.2. Line bundles via O .
Lemma 3.3. We have a short exact sequence
0 A"(K) > A(K) > HL(C,0") - Q = 0
Proof. The long exact sequence
HL(C,0%%) — HL(C,0%) — HL(C,07)
can be identified with
A* — Pic(C) — HL(C,07)

by [14, Theorem 4.2.1]. Here we recall that in the case of curves, the Picard group sits in an
exact sequence

0 — A(K) — Pic(C) <% 7 — 0.
We claim that the first of these two sequences becomes exact after tensoring with Q: For
this we consider the exponential sequence

0-0—=0"2Q—0"/0%" =0,
which reduces us to consider the boundary map in
HL(C,0%)®Q — HAL(C,07) — HZ(C,0).

The last term vanishes since HZ (C,0) = H2,(C,0) = 0 as C is a curve. We now consider
the morphism from the first sequence tensored with Q to the second morphism tensored with

Q and use that A(K)/A"(K) and Hélt(C’,@X) are both uniquely divisible. O

3.3. Picard group of universal covers of curves. We can now obtain our desired de-

scription of Pic(C): This answers Question 1.1 in this context:

Proposition 3.4. We have a short exact sequence
0— lim A'(K)" = lim Pic(C’) = Pic(C) =0
Cc'—=C C'—=C
where A’ is the Jacobian of C".

Proof. By Corollary 3.2, we have

Pic(C) = Pic(C) ® Q.
Therefore the exponential exact sequence is of the form
HY(C,0)— H(C,0%) = H'(C,0") = H*(C,0).

The outer terms vanish by Proposition 3.1. We are thus reduced to considering [
For this we have by [14, Proposition 3.40.2]

Hé}t(évéx) = hgq Hét(claéx)~
Cc’'—=C
The desired result now follows from Lemma 3.3 in the colimit over all C! — C. O

Remark 3.5. This should also work in characteristic p, by reducing to the abeloid case.

Corollary 3.6. If K = C,, then we have Pic(CN') = Q wvia the degree map.
Proof. This follows from Proposition 3.4. O

By Theorem 2.4, the Proposition implies the following stronger statement:

Theorem 3.7. Let C' be a connected smooth proper curve over K. Then the degree map
induces a short exact sequence

0= lim Jor/J8 — Picg <5 Q — 0.
C'—C
where Jor 1s the Jacobian of C'.
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Remark 3.8. By [16, Corollary 4.7, proof of Lemma 5.26], for any two abelian varieties A
and A" we have
Hom(A/A'Y, A’/A"™) = Hom(A, A).

In particular, there is an isomorphism if and only if A and A’ have finite étale covers which
are p-adically close in the Siegel moduli space. We interpret this as saying that the factor of
A’ /A" remembers “the isogeny class of the Jacobian of C” modulo p”.

While this is a bit vague in general, we can be more precise if C’ has good reduction: Let
A be the Jacobian of the special fibre. Then as explained in [15, §5], we have

J(e /It =2° 20

where ZO ® Q is a certain v-sheaf which remembers the isogeny class of the abelian variety
A in a fully faithful way.

As pointed out by Litt [24], a result of Bogomolov—Tschinkel [4, Theorem 1.7] implies that
if p > 5 and C is a hyperelliptic curve of good reduction, then for every abeloid variety of
good reduction B over Fp, the sheaf B® ® Q appears in the Picz. The same argument for
B™ for n — oo shows that B® ® Q appears with infinite multiplicity. Since for any abeloid
variety A over C,, the space A/A" is determined by the good reduction part and the torus
part of the semi-stable reduction [16, Theorem 1.1], shows:

Corollary 3.9. Let p > 5, let K = C, and let C' be any curve isogeneous to a hyperelliptic
curve of good reduction. Then

Pic, = (0*"/p%x P B®w @)@N
BeA(F))

where A(Fp) is the set of isomorphism classes of abelian varieties over Fp of any dimension.

Here the first factor accounts for all totally degenerate abeloids A, for which A/AY is
isomorphic to a finite sum of copies of E/E" for the Tate curve E = G,, /p”.

o

Conjecture 3.10. Picx

is of this form for any curve of genus > 2 over C,.

Remark 3.11. In [16], we asked whether C was locally constant in the moduli space of curves
My (K) of genus g. For g > 2, we even optimistically asked if all C for C over K might be
isomorphic, which would produce a strong uniformisation result. In order to get a feeling for
whether this has a chance of being true, a natural approach is to compare invariants of C'
for different C. In this light, we note that over C, Theorem 3.7 seems consistent with both
conjectures when Conjecture 3.10, thus producing some weak evidence that they might hold.

On the other hand, for fields other than C,, Theorem 3.7 can be used to prove the following
negative result:

Corollary 3.12. Let K 2 C, be an algebraically closed field. Let Cy be any hyperbolic curve
of good reduction over K for which the reduction of the Jacobian over k is not already defined
over F,,. Let Cy be any curve over K that is already defined over C,. Then

C1 # Cs.
Proof. If there was an isomorphism 51 = 6'2, this would under Theorem 3.7, by passing to
connected components of the identity, induce an isomorphism

lim J(C4)/J(CH)" =5 T J(CY)/ IO
CL—Cs Cl—=C
Let B be the Jacobian of the reduction C over k, then the right hand side has a direct factor
given by B® ® Q. Consider the projection to this factor, then the above isomorphism induces
a surjection
lim J(C3)/J(C3)" = B® @ Q.
CL—=Cy
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Let now C2,<c,, be the model of C5 over C,,, then 027Cp,fét = (5 s4t- Consequently, this map is
the direct limit of morphisms
¢: AJA"™ - B 2Q

where A’ is an abelian variety that is already defined over C,. Let B’ be the abelian part of
the semi-stable reduction of A" over k, then by [16, Theorem 5.24] any such morphism induces
a morphism B’ — B over k that determines ¢ uniquely. But since B’ is defined over Fp, this
will always factor over the largest isogeny factor of B that is already defined over F,. By
assumption on Cq, this is a proper subvariety of B. Consequently, again by fully faithfulness
of the functor B — B® ® Q on the isogeny category, the same is true for the image the direct
limit of ¢. This is a contradiction to this being a surjection. 0

3.4. Characteristic p. We now prove Theorem 3.7 in the case that K has characteristic p:

Theorem 3.13. Let C be a connected smooth proper curve over K. Then the degree map
induces a short exact sequence

0= lim Jor/J& — Picg <5 Q — 0.
C'—=C
where Jgr 1s the Jacobian of C' considered as a v-sheaf.

This is achieved by the following series of propositions: Let C' be a connected smooth
projective curve over an algebraically closed non-archimedean field of characteristic p.

Proposition 3.14. Let7:C — Spa(K) be the projection, then
Picz = R'7,0" = R'7, (07 /O™,
[I think we don’t even really need this]
Proof. Since C is perfectoid, we can by [15, Theorem 2.18] compute both sheaves in the
pro-étale topology. Here we can use the sequence
Qp — 1+m— 0%

which reduces us to showing Ri'ﬁ*Qp =0 and Ri%*Z/NZ =0 for N € N and R'7, 0! =0 for
i = 1,2. These can be seen by arguing as in [14, Proposition 4.6], using the Artin—Schreier
sequence and the Primitive Comparison Theorem in characteristic p. O

Proposition 3.15. The natural map li%mC,_w(Picc/)<> — Picgy is surjective.
Proof. By Proposition 3.14, we have
HY(C xT,0%)=H (C xT,0"),
at least after sheafification. The right hand side equals
lim HY(C' xT',0%)
C%C

where T" ranges through the affinoid smooth rigid spaces to which T maps. It therefore
suffices to prove that for an affinoid rigid space T', the natural map

Pic(C' x T)[L] - H(C x T,07)
is surjective. For this consider the projection map

q:CxT—=C.
The Leray sequence applied to the map O* — (o8 yields a commutative diagram

0 —— HYC,q.0*) —— HY(C xT,0*) —— H°(C, R'q,0*) —— H?*(C,q.0*)

l l l

0 —— HY(C,q,0") — HY(C xT,0") — H°(C,R'q,0")
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The term on the top right vanishes since analytic cohomology of C'is concentrated in degrees
[0,1]. It thus suffices to prove that the outer vertical maps are surjective. For this consider
the long exact sequence

0 q(l4+m) = ¢0* = ¢0° = R'q,(1+m) > R'¢,0* - R'q,O".

By [15, Lemma 2.14.2], the boundary map is trivial, and by [15, Lemma 2.14.3] the last
map is an isomorphism after inverting p. It follows that the morphism on the right is an
isomorphism. The map on the left sits in an exact sequence the next term of which is

H2(C, q.(1 +m)) = 0. O

Proposition 3.16. Let C be a smooth proper curve over an algebraically closed non-archimedean
field (K, K™). Let A be the Jacobian of C considered as a curve over K. Let L be a line
bundle on C' that is in the image of

H}(C,1+mOT) — Picg (C).
Then the corresponding point in A(K, K1) is contained in E(K, KT).

Proof. We first reduce to the case of KT = Ok := K° by by pullback along the map
Spa(K,Ok) — Spa(K, KT): Let

C° = C Xgpa(k,x+) Spa(K,Or) — C
be the base-change. For this we first note that the induces map
Pic(C) — Pic(C°)

is a bijection: This is because on any cover of C' by affinoid opens U, line bundles correspond
to locally free O(U)-modules of rank 1, which is independent of O%. Similarly, the gluing
data are in terms of sections of @*, which does not see O% either. Finally, we note that due
to the perfectoidness assumption, mK ™ = mOg, so the image of H'(C,1+ mO™) in Pic(C)
also agrees with that of H'(C° 1+ mO™) in Pic(C®).

On the other hand, since both A and A are partially proper, we have

A(K,KT) = A(K,Ok), A(K,K*)=A(K,O).

We can thus restrict to the classical rigid case over (K, K') = (K,Ok). In this case, the
result follows from the rigid theory of semi-stable reduction of curves as developed by Bosch—
Liitkebohmert [5, §4]:

Namely, let A := Jac(C) be the Jacobian of C. Then by [5, Theorem 5.1] the semi-stable
reduction m : C — C}, of C gives rise to a formal semi-abelian open subgroup A over O
which reduces to the generalised Jacobian of C. Moreover, according to [5, Proposition 5.16,
Remark 5.17], the map

H%ar(ck77r*0+’><) - Haln(XvoX) = A(K)

factors through A(K), and the following diagram commutes:

H}, (Cp,m,OTX) —— A(K)

| |

HL (Ch, OF) —— Pic(Ch).

Since H (U,1 +mO™) is p-torsion on affinoids U by [15, Lemma 2.14], we conclude that
some p-th power of L comes from H}, (Cy,m.(14+mO™)), which by the above diagram maps
into the formal fibre A; of A over 1 € Pic(Cy). It follows that some p-th power of L lies in
A1(K) C A(K), see also [26, Lemma 5.3.2].

By [14, Proposition 2.19], we have A; C A. This shows that some p-th power of L lies in
A(K), and thus L lies in A\(K) O
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Proof. Consider the kernel W of the morphism of abelian v-sheaves
Picc — Picg.

By Proposition 3.15, we are left to see that W equals A* where A is the Jacobian.

Using our fixed base-point € C(K), we can embed C' — A into the Albanese variety,
which we may identify with the Jacobian. By the universal property of the universal cover,
we obtain a morphism

C— A
Let Picﬁ be the perfection of the rigid group representing the Picard functor of A, then we
get a morphism of short exact sequences

0 —— W —— Picc —*— Picg

[T 1

0 At Pic§ Pics.

It follows that A C W.

To get the other inclusion, it suffices to prove that for any algebraically closed extension
T = (L,L") over (K,K™), an (L, L")-point z € Picc(L, L") is in the kernel of h if and only
if it factors through A®(L, L™).

To see this, let Cf, := C x Spa(L, L™"). Since the transition maps

HY(Cp,0%JO*™) — HY (O, 0% JO*)
are injective, it follows that x is in the image of
HY(Cp, 0% = HY(Cp, 0%).
Thus some N-th power of x is in the image of
HY(Cp,1+m) — HY(Cp,0%).

But this factors through A(L,L*) C A(L,L*) by Proposition 3.16. Since A"(L,L*) are
precisely those elements for which some power is in A(L, LT), it follows that € A*™(L, LT),

as we wanted to see.
O

3.5. Applications.

3.5.1. Counter-examples to uniformisation over (C'Z’j. As our main application within this ar-
ticle, we deduce that the analogue of the Uniformisation Conjecture over (C; is false:

Corollary 3.17. Let Cy be any curve over (C; whose Jacobian does not have good reduction,

e.g. a Mumford curve. Let Co be any curve over K that is already defined over F, C (C;.
Then

Cy # Cs.
Proof. Let C, F, be the model of Cy over F,. Then by permanence of 71 under algebraically
closed base-change, we have

m(Cyz5,) = m(C2),

i.e. any connected finite étale cover is also already defined over F,. It follows from this that
every finite étale cover of Cs has good reduction. In particular, we have

s . /<>
Pics, = lim J(C)

! —
C —>027]Fp

where J(C') is the Jacobian considered as a scheme over k.
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On the other hand, by assumption the Jacobian A of C has bad reduction. It follows that
Picg, has a direct factor of the form A/A. Consequently, any isomorphism C; = Cy would
induce a surjective morphism

lim J(C')® — A/A.
C’%Czﬁp
But since the Jacobians on the left have good reduction, any such morphism is trivial by the
argument in the proof of [16, Lemma 5.26]. O

3.5.2. The degree of v-vector bundles. As a second application, in characteristic 0 we can use
the description of the Picard group at infinite level to define a natural notion degree of v-vector
bundles. This has applications in the context of the p-adic Simpson correspondence: Namely,
in order to consider the open question which Higgs bundles correspond to representations, one
would as an intermediate step like to define v-vector bundles of degree 0. In the case of curves
this is an analogue of the complex analytic condition to have “vanishing Chern classes”).

Definition 3.18. Let C' be a smooth proper curve over K.

(1) Let L be a v-line bundle on C. Then its pullback L to C is analytic because C' is
perfectoid. We define the degree of L to be the image of L under the degree map
on C in Theorem 3.7. More generally, this defines a notion of the (locally constant)
degree of a v-line bundles on X x Y where Y is any diamond over K.

(2) Let V be a v-vector bundle on C'. Its degree is defines as the degree of det V', which
is a v-line bundle on C.

(3) A v-vector bundle is called (semi-)stable if for every sub-v-vector bundle W C V', we
have degW < degV (respectively, degW < degV').

Remark 3.19. One could give a more at hoc definition of the degree of a line bundle by
choosing a Hodge—Tate splitting and an exponential, which induces a splitting of the sequence

0 — Pices (C) — Picy, (C) — HY(C, Q') = 0

and then define the degree of a v-line bundle to be the degree of its image in Picg (C).
However, this definition is artificial and has several obvious disadvantages: One has to check
independence of choice, and properties like functoriality and compatibility in families are
harder to check. However, it is easy to see that the definition agrees with the one above.

The following is easy to deduce from the given definition that this satifies the usual com-
patibilities of the degree. For example:

Lemma 3.20. Let f: C' — C be a finite flat morphism of curves of degree n. Then for any
v-line bundle V on C, we have deg(f*V) = ndeg(V).

Proof. Via pullback, it is clear from the definition that it suffices to check this for the mor-
phism of universal covers C’ — C. Here any line bundle on C' descends to an analytic vector
bundle on a finite étale cover of C, so the result follows from the algebraic case. O

Remark 3.21. One might ask whether a version of the Riemann—Roch Theorem holds in
this setting. This is arguably the case, but the degree doesn’t enter in this: In general, it
only makes sense to ask for the the dimension of v-cohomology, for which one always have
constant Euler characteristic. Namely, for any v-line bundle, one can show that

dimg HY(X, L) — dimg H} (X, L) +dimg H2(X, L) = 2(1 — g)

regardless of degree.

4. PICARD GROUPS OF PERFECTOID TORI

We now move on to discussing Picard groups in the non-compact case of tori. While we are
interested in this question in and of itself, it will also serve as an input into our computation

of Pic(A) in the next sections.
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For the complex manifold G,, ¢ := P£\{0, 00}, and any r > 0, we have
Picpol (Gy, ) = Piciop(Gy, c) = 1.
The analogous statement also holds in rigid geometry for the rigid torus GJ,:
Theorem 4.1 ([9, Thm 6.3.3]). Pican(G;,) = Picet(G),) =1

The goal of this subsection is to show that the analogous statement for the perfectoid
torus does not hold. Indeed, as a qualitative statement this, this can be deduced from [17,
Theorem 1.3.2] which says that we have more line bundles for the finer v-topology:

Pic,(Gm) = HY(Gyp, Q1) (—1).
While for proper rigid spaces, these additional v-topological line bundles can be explained
in terms of descent data on the trivial line bundle on the universal cover, the situation for
the Stein space G, is different: Namely, the Cartan-Leray sequence for the universal p-adic
cover G,,, — G,, yields an exact sequence
0 — Hom(Z,(1), 0*(G,,)) = Picy(G,n) = Picy (G, )%

the first term of which equals Hom(Z,(1),1 4+ m) = K(—1) via the logarithm map, and can
be identified with the subspace given by the invariant differentials K % C HY(G,,, Q') via
[17, Corollary 4.4]. Since these only account for a small part of H%(G,,, ') = O(G,,) %, we
see that there have to be non-trivial line bundles in Pic, (G,,) that descend to G,,. The first
goal of this section is to describe these new v-line bundles quantitatively.

The second goal is to show that these new line-bundles disappear when passing from line
bundles to torsors under

Xrly .13 X
(p]

Indeed, the group H* (T, O* [%]) will turn out to be trivial.

4.1. Invertible functions. Throughout this section, let K be an algebraically closed perfec-
toid field of arbitrary characteristic, and let T" be a torus of rank r over K, so that T = GJ,.
Let N = Hom(T,G,,) and NV = Hom(G,,,T) be the character and cocharacter lattice,
respectively. We begin in this subsection with some easy preparations.

Definition 4.2. Choose a basis Xi,..., X, of N. For any n € N with n = X" --- X" we
write |[n| = my, ..., m,. By the standard cover of T' we mean the cover over s € N of

T, :=T(n° < |X;| <|m|™* fori=1,...,r),
where we recall that m € m is a pseudo-uniformiser. Let TS be the pullback of T to T.

Lemma 4.3. Let S be any diamond. Let R = O(S) and Rt = O1(S). Let N be the constant
sheaf where N = Hom(T7 Gp) is endowed with the discrete topology.

(1) OF(T x S) = R,

(2) OF(T x S) = RY,

(3) OX(T x S) = MS)X

(4) OX(T x S) = N[J](S )xRX
(5) O"(T x 8) = N[3)(8) x O"(S),
(6) O(T x S) = N[1](S) x O (S).

Proof. (1) The statement is local on S, so we can reduce to the case that S is totally dis-
connected, in particular affinoid. By induction, we may reduce to T' = G,,. Then f can be
written as a power series f = ZnEZ ap X™ for some a,, € R. We claim that unless n = 0,
we have a,, = 0. We can check this at every point of S, which reduces us to the case that
(R,RT) = (C,C™") is a non-archimedean field.

The valuation ring C'T is then microbial, so there is a unique rank 1 generization (C, O¢).
Since Spa(C, O¢) C Spa(C, CT), it suffices to prove the statement in this case. This puts us
in a rigid geometric situation, where one can argue as usual:
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For |z| > 0, we have |}, anz"| = |> 0" apa™|. Thus on annuli of inner radius > 0
and outer radius r > 0, the function f attains its supremum given by the Gauss norm
SUp,,>¢ |an|r™. Unless a,, = 0 for all n > 0, this diverges. The same argument for |z > 0
shows that a, = 0 for all n < 0. Thus the only bounded functions are the constant ones.

(2) The statement is local on S, so we can reduce to the case that S is affinoid perfectoid
with S = Spa(S, S*). By induction, we may reduce to T' = G,,. Then f can be written as a
perfectoid power series with coefficients in R:

f= Z amX™.
nez(;]
We claim that a,, = 0 unless n = 0. To see this, we first conclude from [33, Lemma 6.4] that
O+(Ts % S) a ]_z-&-<)(1/1’)°°?Y'l/}’)oo>/()(1/p°°Y'l/;ooQ _ps/p‘x’)_

This shows that for f to be in (’)+(T x S), we need to have m - a,, C p*™" Ok for all s € N,
which implies a,, = 0 unless n = 0.

(3) We follow [9, Lemma 6.3.1] (which is the case of S = Spa(K, Ok)): Namely, we instead
prove that for any s > 0,

(3) OX(T, x 8) = N(S) x R* - (1 + mO* (T, x S))).

The desired statement then follows in the limit s — co using the first part.
We can again reduce to the case that S is totally disconnected and that T' = G,,,. Let

0= Z apm X 4 Z a_,m "X " e OX(Ts x S),
n=0 n=1

where a,, € R with [|a,|| = 0 for n — oo and ||a,|| — 0 for n — —o0. For every n € N, we
define

Sn = S(0 # |an| > |am| for all n £ m € Z).
We claim that the .S,, form a disjoint open cover of S. This would prove the claim, since one
each S, the element ¢ is then be of the form a,, - X™ - (Y (a, a,)X™™ ™).
It is clear that S,, and S,, are disjoint whenever n # m. To see that S, is open, we first
introduce the auxiliary intermediate subspace

S, C8) = S(0 # |an| > |ay| for all m € Z).

S={Js.
ne”Z
We claim that S, is affinoid open: For this we first note that ¢ being a unit, there are b, € R
such that 07 a,b, = 1. Since there are only finitely many n with [la,b,| > 1, this

implies that there is a finite index set I C Z such that 1 € (a;|i € I). Thus
S/ = 5(0 # |ay| > |a;| foralli e ) C S

is affinoid open. In particular, it is compact, so that |a,| can be bounded from below. This
shows that |a,| > ||am|| > |am| for all but finitely many m € Z. Adding these to I, we see
that

It is clear that we have

S = S0 # |an| > |a;| for all i € I)
is indeed affinoid open.
Finally, we claim that in fact,
Sl =S,.
Indeed, suppose = € S,,. Then z is in the image of a morphism
x: Spa(C,CT) = S/,

for some non-archimedean field extension (C, C") of (K, Ok). Let 2’ be the rank-1-generization,
corresponding to a pair (C, O¢). it suffices to prove that ' € S, since 2’ being a generization,
|an (z")| > |am (z")] implies |an(x)] > |am(x)].
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We are now in a position to apply [9, Lemma 6.3.1], which guarantees that the pullback of
¢ to T! =T, x Spa(C, O¢) is in X*-C* - (14+mcO*(TY)) for some k € Z. The condition that
x € S/ now implies that k = n. For any m # n, this description now shows that a,, = a, - 2
for some z € my, which implies |a, (z)| > |am(x)|. Thus z € S, as desired.

This finishes the proof that S = US,, is a disjoint open cover.

(4) With reduction steps like for 3, we reduce to showing

O* (T, x §) = N[2](S) x R* - (14+mO™ (T, x S))
for S totally disconnected. Let T\™ = Spa(K (xs/P" X1/P" 7s/P" /X 1/P")), This is isomorphic
to Ts/pn, but with parameter X1/P" rather than X. Then the natural map

lim O(T}' x S) = lim R(x>/?" X1/7" 7o/P" | XP") = O(T, x S)

has dense image. In particular, any unit ¢ € O(TS x §)* is of the form ¢y + h for some
YK € (’)(Ts(k) x S) and h € O(Ts x S)°°, which implies @5 € O( k) S)*. By the third part,
locally on S, we have

or € O(T® x §) = R* x L N(8) x (1+O(TH x §)°°).

plc
When we now take the colimit & — oo and choose better approximations of ¢, then by
comparing coefficients we see that the factors in R* and ﬁN (S) stabilise. Thus the ¢
converge to an element of
R x N[2](8) x (1+ O(T, x 8)*°),
as desired.
(5) Will follow from part 6 by taking Z,(1)-invariants.
(6) We may reduce to the case that S is affinoid perfectoid. Then so is Ts x S, and we thus
have a short exact exponential sequence
0= O(T, x §) = O*(T, x 8)[1] » O™ (T, x §) - 0.
Part 3 now implies that the quotient equals
O™(T, x §) =N[2|(S) x R*[L] - (1 + mO™ (T, x §))[2]/ exp(O(T x S))
=N]|

S 1 1
N[21(S) x R*[}]/(1 + mR*)[1]

which equals N[1](S) x O™ (S) as desired. O

1

P
Lemma 4.4. Let Y be a diamond and let Z be (the diamond associated to) an affinoid adic
space. Then N

Map(T x Y, Z) = Map(T x Y, Z) = Map(Y, Z).
Proof. Let Z = Spa(S,ST), then any map f: T x Y — Z corresponds to a homomorphism
St - O0N(T xY).

But by Lemma 4.3, we have Ot (T x Y) = Ot (Y). O

4.2. Picard groups of relative tori. The goal of this subsection is to prove the following
result, which is useful in the context of Raynaud extensions:

Proposition 4.5. Let X be the generic fibre of a smooth affine formal scheme over Ok . Let
T be a torus over K. Then pullback along T x X — X defines an isomorphism
Pic(T x X) = Pic(X).
The proof is essentially just a relative improvement of [9, Lemma 4.7.3 and Thm 6.3.3].

We start by replacing T' with increasingly better affinoid approximation:

Lemma 4.6. Let X be the generic fibre of a smooth affine formal scheme over Ok . Then
(1) Pican (X x Spa(K(X))) = Pican(X),
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(2) Pican(X x Spa(K (X)) = Pican(X).
Remark 4.7. The condition that X has good reduction is necessary, see [11, §4.2].

Proof. 1f K is discretely valued, this is the content of [11, §4.2-3]. Using [26, Lemma 6.2.4]
and [15, Lemma 3.6], the proof goes through in general: Let X be the special fibre over k,
then using the lemma repeatedly, we have

Pic(X x Spa(K(X))) = Pic(X x G4 ) = Pic(X) = Pic(X),

Pic(X x Spa(K(X*))) = Pic(X x Gy 1) = Pic(X) x H'(X,Z) = Pic(X) = Pic(X).

where in each case, the second equation follows from [13, Prop 2.2.1-3]. O

Lemma 4.8. Let X be the generic fibre of a smooth affine formal scheme over O . Then
pullback along Ty x X — X defines an isomorphism

Pic(X) = Pic(T, x X).

Proof. Let us change notation and write T' = G,,,, so that the torus we look at becomes 7.

We prove the statement by induction on r. The case of r = 0 is clear. Let now r > 0 and
assume we know the statement for r. Let L be a line bundle on 77 x T, x X.

Recall that T is a one-dimensional rigid annulus D(a, b) of inner radius a and outer radius
b. Let D(a) be the inner boundary and consider the restriction Ly of L to T7 x D(a) x X.
Since D(a) has a smooth affine formal model, so does D(a) x X. The induction hypothesis
therefore tells us that Ly comes from a line bundle on Pic(D(a) x X). By Lemma 4.6 we see
that

Pic(D(a) x X) = Pic(X)

via the projection map, thus Lg is the pullback of a line bundle Lx on X.

Let now B(a) C A! be the closed disc centered at 0 of radius a. Then we can glue Lo on
TT x Ty x X along the boundary T7 x D(a) x X to the line bundle on Ty x B(a) x X defined
via pullback of Lx on X. This defines an extension of L to a line bundle Ly on Ty x B(b) x X,
where B(b) is the closed ball of radius the outer radius of T.

Applying the induction hypothesis once again, we see that

Pic(T7 x D(b) x X) = Pic(D(b) x X) = Pic(X)

by Lemma 4.6. Thus L; is the pullback of Lx. But then the same has to be true for its
restriction to T, x Ts x X. This proves the claim. O

Proof of Proposition 4.5. The Cech-to-sheaf sequence of the standard cover { = (T})sen of
T induces a short exact sequence

0— HY(, 0%) = HYT x U,0%) = H°(4, H' (=, 0%)) = 0.

Exactly like in the proof of [9, Lemma 6.3.2 and Thm 6.3.3], one sees that the first term is
trivial. The last term is equal to Pic(X) by Lemma 4.8. O

Corollary 4.9. Let X be the generic fibre of a smooth formal scheme over Ok and let
7w E — X be a T-torsor over X. Then the natural map Pic(X) — Pic(E) is surjective.

Proof. By [15, Lemma 3.6], any T-torsor on X is trivial locally in the Zariski-topology. It
follows from this and Proposition 4.5 that the Leray sequence of 7 : E,, — Xz, induces an
isomorphism

Pic(E) = Hy, (X, 7.0%).
On the other hand, we have a short exact sequence O* — 7, 0> — M on Xyz,,. The result
follows since HX (X, M) = HY(X,Z)® M = 0. O

Zar
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4.3. O -torsors on universal covers of relative tori. The goal of this section is to prove
an analogue of Proposition 4.5 for O* [%]—torsor on perfectoid tori.

Proposition 4.10. Let U ~ @iel U; be an affinoid perfectoid tilde-limit of a cofiltered
inverse system of generic fibres of smooth affine formal schemes over Ok . Then specialisation
at 1 defines isomorphisms

HYT x U,07) = H'(U,0%)[1].
Proof. We draw on arguments in the rigid case from [13, §2] and the proof of [9, Lemma 4.7.3
and Thm 6.3.3]. We start by following the latter:

The standard cover 4 = (Ty)sen of T gives a left-exact sequence

0 H' MO0 = H(T xU,0") — H' (8, H (-, 07)).

The first term is easy to control:
Claim 4.11. H'({,07) = 1.

Proof. The cover 4 is an increasing sequence of affinoid perfectoids T, x U , for which by
Lemma 4.3 we have

O™ (T, x U) = MY[3](U) x O™ (R¥).
Since this is independent of s, this shows that Hl(il@X) =0. O

We are left to see that the right term can be identified with H! (U, O* [%])
Lemma 4.12. Let s € N. Then in the situation of Proposition 4.10, the pullback map
Pican(U) — Pican(Ts x U)
is an isomorphism. In particular, Ho(ﬂ, Hl(f,éx) = Hl(U,éx),

Proof. Rescaling defines an isomorphism of rigid spaces T =~ Ts. Therefore, we can deduce

from Lemma 4.8 that for every ¢ € I, we have a natural isomorphism
Pic(T\™ x U;) = Pic(U;)
By [10, Corollary 5.4.42], since the U; are all affinoid, this shows that
Pic(T, x U) = lim Pic(T{"™ x U;) = lim Pic(U;) = Pic(V).

This shows the first part. For the second, we use that all spaces appearing in the lemma are
affinoid. Hence [15, Lemma 2.14] and the first part imply that also

HL(U,0") » HL (T, xU,0"
is an isomorphism. But by definition, we have HO (g, Hl(—,@x)) = @Hl(i X ﬁ,@x)). O

This finishes the proof of Proposition 4.10. O

4.4. Pic(T) is huge. We are now ready to compute Pic(T"). For this we need two more
definitions:

Definition 4.13. We denote by (')KHXN[%]H the topological Ox-module of formal sums
1 1
Ok (XM = { > ame’am € OK} ~ 07

’H'LEN[%]

For an element g of this module, we write g[m] for the m-th coefficient.
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Recall that for any s € N we set
Ty :=T(7]* < |Xi| < |m| S fori=1,...,r).

We note that we can think of any element f € O (T%) as being a formal sum

3 X" € Ok [ XN,

nGN[%]

with the condition that a,, € 7/"lOk and |a,|- |7|~*I"l — 0 for |n| — oo, plus the additional
condition that for any e, there is k € N such that |a,,| - |7|*/™! < € for all m € N[%] with
0p(m) := min(u, (3)) < —k
em

This additional convergence condition in the perfectoid case is crucial: it is what ultimately
gives rise to additional line bundles.

In the following, we work inside the ambient module Og[[X N[%]H and in particular we
shall tacitly pass from f € O (T,) to its restriction in OF(Ty/) for any s’ < s without
distinguishing the two in the notation.

Definition 4.14. Let O*(T}) be the set of elements g € 1+mO*(T,) with constant coefficient
g[0] = 1. The inclusion O*(T,) C 1+ mO™*(T}) has a splitting given by sending f to

=l

Remark 4.15. We note that O*(T}) is not closed under the group action of O*(T). Instead,
we think of it as a set of representatives for the quotient group (14 mO™(T%))/(1 + mOk) of
power series up to scaling, which induces on O*(T}) the group structure given by sending

(f.9) = fxg:=(f 9"

Another natural set of representatives is given by power series f with f(1,...,1) = 1. This
has the advantage that it does form a subgroup. But in contrast to the rigid setting, we
find it more convenient in the perfectoid setup to work with O* since this interacts better
with convergence: If a sequence (fs € O*(T;))sen converges at each coefficient, then so
does f¥X. The analogue is not true with respect to the other set of representatives, since

(fs(1,...,1))sen need not converge in the perfectoid setup.

Definition 4.16. Let 7 € N and let (fs)s>, be a sequence with fs € O*(Ts). We write
*
HSZT fs

for the sequence of normalised partial sums g, := (]l fs)*. We say that H:;T fs converges
coefficient-wise if the sequence of coefficient (g, [m])n>, converges to an element goo[m| € Og
for all m € Z[%]. We also write H:ZT fs for the limiting power series g, in O [[XV]].

Theorem 4.17. The topological group Pic(T) is isomorphic to

{f € H O*(T;)}/{f s.t. Vr e N: H:ZT fs converges coefficient-wise with limit € Ox(f,)}.
seN

The map 1is given by sending f to the line bundle that is trivial on each fg, with glueing data
given by fs € O*(Ts). The displayed group is non-trivial and torsionfree: For example,
s+l 1
(fs:=1+p P XP )sen
defines an element for which H:ZI fs converges coefficient-wise, but with limit & O (T}).

Corollary 4.18. The Picard group of the punctured perfectoid unit disc Spa(K (X'/?™))\{0}
is non-trivial. The Picard group of the perfectoid affine line A¥P™ is non-trivial.
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Remark 4.19. Lazard has proved [22, Proposition 6] that since K is not spherically complete,
there is 7 € R for which the open rigid unit disc of radius r has non-trivial line bundles (in
particular, if the value group of K is R, this holds for the open unit disc).

In this sense, the situation in the perfectoid case is closer to that of the open unit disc
than to that of the rigid torus.

Remark 4.20. In contrast, a similar computation as the above shows that
HYT x Z,0) =0

for any affinoid perfectoid space Z, which might be regarded special case of a perfectoid
analogue of Kiehl’s vanishing of coherent cohomology on Stein spaces [21, Satz 2.4]. In
characteristic 0, one can use this and the next section to see that

HYT,0%[3]) = 0.
This is no contradiction to Theorem 4.17 since 7' is not quasi-compact.

Remark 4.21. By the same Strategy of proof one can show that
WT,0t) £ H OF (T, T.)/{f € H OF (T.) | Vs : an contained in O (T, 9}

seN seN n>s

where Of (Ts) € OF(Ty) is the subset with constant coefficient 0. Moreover, one can show
that in characteristic 0, the exponential map defines an injection H'(T,OF) — HY(T,O*).
This gives an easier way of seeing that Pic(T") # 1 (but doesn’t compute all of Pic(T)).

For the proof of Theorem 4.17, we need:

Lemma 4.22. Let g € O*(T,) and let h,, € OX(T,) be a sequence that converges coefficient-
wise with limit h € O*(T,.). Then gxh,, converges coefficient-wise with limit gxh € O*( T).

Proof. 1t suffices to prove that g - h, in OX(TT) converges coefficient-wise to g - h. After
rescaling, we may assume that 7 = 1. Write g = 3 a,, 7™ X™ and h,, = Zbﬁ,?)qumlxm €
O*(T;,) with limits b,, € Ox. Then

gha= > | 3 ap{alliil | xm,
mEN[%] i+j=m
Let m € N[%]7 we consider the m-th coefficient (g - hy)[m]. Let [ € N. As g € O*(T,.), there
is a finite set J such that a; € 'O unless j € J. We then have
(g hy)[m] = Z aib§n)ﬂ(‘i|+|j‘) mod 7.

1+j=m
jeJ

Since this is a finite sum, we can now find n > 0 such that b;”) = b; mod wl for all j € J.
Then we have
(g-hn)[m] =g-hmod 7' O.

For | — oo, this shows the desired coefficient-wise convergence. O

Proof of Theorem 4.17. We start by following the proof of [9 Theorem 6.3.3], even though we

end up getting a different result: We use the cover 4l = ( S)SGN, for which the Cech-to-sheaf
spectral sequence gives an exact sequence

0 — HY(8,0%) = HY(T,0%) — H(U, H' (-, 0X)).

The right term vanishes: Indeed, by [9, Lemma 6.3.1], we have Pic(T(n)) =1for all n € N,
where T(" is the torus with character group - L N. The desired vanishing follows in the limit

from [10, Corollary 5.4.42] since the T are afﬁnmd.
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It thus suffices to consider the left term. Since il is an increasing union, the resulting
truncated Cech complex is quasi-isomorphic to the complex concentrated in degrees [0, 1]
[Tox@) = [[o* ().
seN seN
where h is the map that sends
(fo) = (ff ).
The kernel of h is O (T) = K* x N[}%] by Lemma 4.3; the cokernel computes H' (8, O).
Recall from Lemma 4.3.4 that we have a short exact sequence

1= KX x N[1] 5 0*(T}) = (1+mO™(T.))/(1 + mOk) — 0.
The first term is constant throughout the inverse system over s. By applying A to the short
exact sequence, we conclude that this first term does not contribute to the cokernel, and we
are therefore reduced to considering the cokernel of h in (1 4+ mO™(T}))/(1 + mOk). Recall
that the inclusion B B
O*(T,) — (14+mOH(T,))/(1 + mOf),

defines a bijection which endows the left hand side with a group action given by sending
(f,9) = f*g:=(f-9)".
It thus suffices to compute the cokernel of
[T o*@) & I o* (@)
seN seN
We need to see that the image of this map is precisely

imh = {f s.t. Vr: H:;Tfs converges coeflicient-wise with limit € O* (ﬁ)}
We first prove the inclusion “C”. Let thus g € [], oy O*(T,) and set

Js = gs*gs_-:y
Then for any k£ > r + 1, we have

k—1% - ~
HS:T fs = gr*9x ! € O*(TS)
We have to prove that for k — oo, we have coefficient-wise convergence
Grxgy = G-

By Lemma 4.22, it suffices to see that (g; )* — 1. But (g5 1)* € O*(Ts) implies that for each
me N [%], we have (g, ')*[m] € 7I™* O, which gives the desired coefficient-wise convergence
for k — oco. This proves the containment “C”.

To prove the converse direction, let (fs)sen be such that each H:zr fs converges coefficient-
wise with limit B

gr ‘= H:Zr fs € OX(T’I‘)'
Then we automatically have g, € O*(T,), since the condition for g, € O*(T}) to be in
this subgroup is that a,, € mm*I™ and ag = 1, which is preserved under coefficient-wise
convergence. We claim that
gr*gr_-‘:l = [r

Equivalently, we need to see that

H:ZT fs = fT*H:ZTJrl fs

:;—&-1 fs, this means that

fr*hn _> f'f‘*h’

In terms of the normalised partial sums h, := []

which is true by Lemma 4.22. N
This shows that (gs)sen € [JO*(Ts) is sent by h to (gs*g;rll)seN = (fs)sen, proving that
f is in the image of h. This finishes the proof of the desired description of im h. O
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5. PICARD GROUPS OF UNIVERSAL COVERS

The final goal of this article is to answer Question 1.1 when A is an abeloid variety, i.e. we

will describe Pic(A). We already know the answer in the case of good reduction:

Theorem 5.1 ([15, Theorem 4.1, Corollary 4.10]). Let B be an abeloid variety over K of
good reduction B over k. Then there is a natural isomorphism

Pic(B) = Pic(B) @z Q.
On identity components, this identifies the pullback map Pic(B) — Pic(é) with the reduction
BY(K) — B’ (k) ®2 Q.

In particular, the kernel of Pic(B) — Pic(B) is the topological torsion subgroup Pic(B)*™.

This gives an example where the map from Question 1.1 is neither injective nor surjective,
because the Néron—Severi group of B can be larger than that of B.
The goal of this section is to deduce from Theorem 5.1 a description of the kernel of

Pic(A) — Pic(A) for any abeloid variety. In the next section, we will deal with the cokernel,
which will be more difficult.

5.1. The group Pic’ (/T) in general. Let K be any perfectoid field over Z, and let A be an
abeloid over K with its universal cover A = lim __ — A. In this section, we answer the first

< [N]
part of Question 1.1, namely we determine the kernel of
(4) Pic(A) — Pic(A).

We do this by describing Pic?, (A4) = Extl (A, G,,) in the category of sheaves on Perf g ay.
Definition 5.2. We denote by Pic’(A) C Pic(A) the subgroup of translation invariant line
bundles L, i.e. those that satisfy *L = L for all z € A(K).
Lemma 5.3. We have Pic’(A) = Ext! (4, G,,).

This follows immediately from the Breen—Deligne sequence:

Lemma 5.4. Let F' be an abelian sheaf in Perfg , such that Map(F,G,,) = K*. Then for
T =an or 7 = v, there is a natural left-exact sequence

[m]" —[m]" —[m]"

0 — Ext}(F,G,,) = H:(F,G,,) HYF x F,G,,).

Proof. The Breen—Deligne spectral sequence E of [2, §2.1] gives an exact sequence
(5) 0 — E3° — Extl (F,G,,) — ker([m]* — [m1]* — [m2]*) — E3°,

where E3° is the cohomology of a complex whose terms are finite products of Map(F, G,,). In
particular, if this is Map(Spa(K), G,,), then these terms are the same as the ones appearing
in the sequence for F' = Spa(K), which shows that they must vanish. O

We thus obtain the following Corollary to Theorem 5.1:
Corollary 5.5. Let B be an abeloid variety of good reduction. Then
Ext! (B,G,,) = BY (k) @z Q.
Proof. By the Breen—Deligne sequence of Lemma 5.4, we have
Ext!(B,G,,) = ker (Pic(g) — Pic(B x E)) = ker (Pic(B) ®z Q — Pic(B x B) ®7 Q),
which is precisely Exty. (B, G,,) ®z Q = B (k) ®z Q. O
We can use this to describe Pico(g) in the general case as follows, using Definition 2.3:
Theorem 5.6. Let A be an abeloid variety over K. Let AV be its dual. Then for 7 = an, v,
(i) Ext!(4,Gn) =(4Y(K)/AY(K))[2],
(i) BxtHA,Gp) =(AY(K)/AV(K)) 2 Q.
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The proof will be completed in two steps in the following subsections. But before, we give
our main Corollary: We can now answer the first part of Question 1.1 in great generality,
extending from the case of algebraically closed K over Q, treated in [14]. We first note:

Corollary 5.7. We have a left-exact sequences

(i) 0 — AY(K) — Pican(A) —— Pican(4,),
(i) 0 — AY(K) — Bxt! (A,G,,) — Extl (4,,G,),
(i4) 0 — AY(K)"™ —— Pican(A) —— Pican(A),
(i1)' 0 — AY(K)"™ — Extl (A,G,,) — Extl (4,G,,).

Corollary 5.8. Let K be any non-archimedean field over Z,, and let X be a smooth proper
rigid space over K for which Picy is represented by a rigid group whose identity component
is abeloid. Then every line bundle on X that is topologically torsion in Picx (K) is trivialised
by a pro-finite cover of X, and even by a pro-finite-étale cover if char K = 0.

Proof. Let L € Picx (K) be topologically torsion. Any line bundle whose image in the Néron—
Severi group is torsion is trivialised by a finite étale cover, so we can without loss of generality
assume that L € Pic’(X).

Let A be the dual abeloid variety of Picg(. Then by [12, §4], there is a natural map X — A
that satisfies the universal property of the Albanese variety. By the assumption hat Pic%
is abeloid, this map induces an isomorphism Pic?q = Picg( In particular, L comes via
pullback from a topologically torsion line bundle on A. By the previous Corollary, it thus
becomes trivial on A hence it is trivial on the pro-finite cover AxsX = X. O

Remark 5.9. In general, it is expected that Pic% is a semi-abeloid variety (due to [13]), but
in many cases it is known to be abeloid, for example if X has projective reduction [23].

Proof of Corollary 5.7. Let N := ker(HL (A,G,,) — HL (A,G,,)), then by Cartan-Leray
and Theorem 5.6, we have a commutative square of left-exact sequences

\ “ % B
‘ ‘—> Ext! (A,Gm)J—> Ext! (A,G,,)
0 —— Hom( TA Gm) 4} H( A Gm) 4£> HY(A,G,,) J
<

00— Hom(TA,G,,) —— Ext!(A,G,n) —— Ext!(4,G,).

Since the second vertical arrow on the back is injective, the map N — Hom(TA,G,,) is
injective. The second diagonal square is Cartesian, this follows from comparing Lemma 5.4
for the analytic and v-topology. Since the bottom left arrow is an equality, this shows that N
already lands in Ext;n(A,Gm). Since the rightmost diagonal arrows are inclusions, the top
left diagram is Cartesian as well. This shows that N already lies in AY(K), thus showing
that the morphism AY(K) — N is an isomorphism. O

5.2. The algebraically closed case. Assume that K is algebraically closed. In this situ-
ation, there exists a Raynaud uniformisation of A. We briefly recall what this is, and refer
to [26, §6] for details: One can associate to A a short exact sequence of rigid groups in the
analytic topology

0-T—-E—-B—=0

where B is an abeloid variety with good reduction and 7T is a rigid torus of some rank r, and
a lattice Z" =2 M C E such that there is a short exact sequence in the analytic topology

0—-M-—-FE—A—D0.

There is an analogous analytic uniformisation for A:
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Theorem 5.10 ([3, Theorem 5.6]). (1) The covers T, := l'gl[p] T, Ep = @[p] E and Ep
are all represented by perfectoid spaces. They fit into an exact sequence on Perfy oy
O—>Tvp—>Ep—>]§p—>0.

(2) Let M, := M ®gz Z, and set X = Ep x M,. Then any choice of lift M — Ep of
M — FE induces a pullback diagram of short exact sequences of adic groups

0 M X A, 0
© | ]
0 M E A 0

in the analytic topology. Here M — X is the anti-diagonal embedding.
We now use this to reduce Theorem 5.6 to the case of good reduction. For this we need:

Lemma 5.11. (1) Ext}(Z,,G,,) = Extl (Z,,G,,) = 0.
(2) Extl (Z,,G,,) = ExtL(Z,,G,,) = 0.

Proof. We begin with part 2: Let 1 — G > F 5 Z,, — 0 be an extension. Then since F
is locally in the analytic topology on Z, of the form G,, x U where U C Z,,, we see that F is

itself represented by an adic group.

We now pass to K-points: the fibre of F(K) over 1 € Z,(K) = Z, is isomorphic to G,,, and
thus the fibre of F(K) over 1 is non-empty. We conclude that there is a group homomorphism
Zy, — F splitting .

To deduce part 1, it suffices to see that the Breen—Deligne complex E$° ([16, §A]) satisfies

E(Z,,G,,) = 0.
We recall that E$° consists of terms of the form @; H(Z!,G,,) = @; Map(Zpi, K*).
Considering the short exact sequence
Map,s(Z,*, 1 +m) — Map,(Z,", K*) — Map,.(Z,", K*/(1+m)),
we see that we get a short exact sequence

0= E°(Zy,Gr) = E(Zy, G) — lim E3*(Z/p"Z, Gy /Cin) — 0.

But we have Ext!(Z/p"Z, Gm/@m) = 0 since the first entry is p™-torsion while the latter is
p-divisible. This shows that E}(Z,, G,,) = E3(Z,G,,) = 0 by the second part. O

Lemma 5.12. Ext! (T,G,,) = Ext}(T,G,,) =0.

Proof. Tt suffices by linearity to consider T = G,,. The first term of the Breen—Deligne
sequence (5) does not depend on the topology, and it agrees with the term computing
Ext! (G,.,G,,) after inverting p. But this is = 1 as we can see from any Tate curve G,,/q¢”.

We deduce that the map Extl (T, G,,) < Ext}(T,G,,) is injective, so it suffices to consider
the v-topology. Via tilting, we further reduce to char K = 0.
Second, we deduce that the Breen—Deligne spectral sequence yields an exact sequence

0 — Ext! (G, Gm) = H- Gy Gp) % HYGy X Grn, ),

where d = [m]* — [m1]* — [m2]*. By [17, Theorem 1.3.1], this fits in a commutative diagram

0 —— Ext}(Gpn, Gp) — Picy(Gy) —2— Picy (G X Gp)

HT logJ{Z ‘[

0 ker d QYG,)(~1) —4= Q4G x Gy )(—1),
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where the second vertical map is an isomorphism. It follows that Ext.(G,,,G,,) = K(—1) are
precisely the translation invariant differentials on 7' generated by the canonical differential

%w on G,,. Consider now the long exact sequence of Z,(1) — @m — G,

log

Hom(Zy,(1), Gp) —25 Ext} (G, Gpn) = Ext (G, G ) = Extl(Z,(1), Gp).
By the above, log is surjective. The last term is = 0 by the second part of the lemma. [

Proof of Theorem 5.6. We first assume that K is algebraically closed. Applying Hom(—,G,,)
to (6), we obtain a morphism of long exact sequences

0 + Hom(X,G,,) + Hom(M,G,,) + Extl, (4,G,,) » Ext} (X,G,,) - Extl (M,G,,) =0

I | I I I

0 » Hom(E,G,,) +~ Hom(M,G,,) + Extl (A,G,,) - Ext. (E,G,,) + Ext. (M,G,,) = 0.

With our preparations, we can compute all terms in columns 1,24 and 5. However, this would
a priori only show that Ext! (A, G,,) and A(K)/;{v (K) are both extensions of the same two
groups. To simplify the situation, we shall instead use some additional input:

We first reduce to characteristic 0. This is possible since by [20], for any abeloid A’ over
K’ one can find A over K with g’p = ﬁ; and A'(K)/E’(K) = A(K)/X(K) In characteristic
0, we know by [14] that we have a left-exact sequence

0— AVH(K) — EXtin(A,Gm) — Ext;n(;l, Gm)-

As A — Zp is a TP A-torsor where TP A = @1 ( A[N], we also have a short exact sequence

p,N)=1
(7) 1 — Hom(T?A, G,,) — Extl(4,,G,,) = Ext}(4,G,,) — 1.
Via the Weil pairing, the first term gets identified with the prime-to-p torsion

Hom(T?A,G,,) = hﬂ AY[N|(K) C AY(K).
(N,p)=1

Since AY*(K) = AY(K) x lim

have an injective map

(N.p)=1 AY[N] by [14, Proposition 2.19.2], we deduce that we

AK) /A (K) = Bxcty, (A, Go),
and we are left to see that this is surjective. This can now be done using the above diagram:
The long exact sequence of T'— E — B reads

Hom(T,G,,) — Ext. (B,G,,) — Ext! (F,G,,) — Ext. (T,G,,).
The last term vanishes. Let MV := Hom(T, G,,), then we conclude
Ext,(E,G,) = BY(K)/M".

Similarly, the sequence of Theorem 5.10.1 induces an exact sequence

Hom(T,, Gp) 2 Extl, (By, Gy) — Extl (E,,Gpn) — Extl (Ty, Gp).
The last term vanishes by Lemma 5.12, as does Extl(Mp, Gy,) = 0 by Lemma 5.11. Hence

Ext (X, G) = Extyn(Ep, Gin) = (BY (k)/6(MY))[1].

Combining these computations, we conclude that the above diagram is of the form

coo = TY(K) — Ext'(A,G,) — (BY(k)/6(M"))[L] — 0

| I 1

0 — TY(K) — AY(K) ——— BY(K)/MY —— 0

where TV := Hom(M, G,,). The vertical map on the right is surjective since K is algebraically
closed. This implies that the middle arrow is surjective, as we wanted to see.
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5.3. Galois descent. We deduce the case of general perfectoid K by Galois descent: It
suffices to prove that N
Exty, (4, Gm) = (A(K)/A(K)) ® Q,

the case of gp then follows from (7). The case of 7 = an follows using that Ext. < Ext..

Let C be the completion of an algebraic closure of K and let G := Gal(C|K) be its Galois
group. The Cartan—Leray sequence for Ac — A is a left-exact sequence

0 — H}4.(G,C*) — Picy(Ak) = Pic,(Ac)®.

The first term vanishes as Pic,(K) = 1, so the natural map Ext}(Ax,G,,) — Ext}(Ac,G,,)
is injective. It thus suffices to see that
(8) (4Y(C)/AY(O)¢ = (AV(K)/AY(K)) ® Q,
since @[N]* Extl (A,G,,) = AY(K) ® Q clearly surjects onto the right hand side.

To prove (8), let L range through finite Galois extensions L|K inside C, then the image of
hﬂul{ AY(L) — AVY(C) is dense. Since AV*(C) C AV(C) is open, we therefore have

(AY(C)/A™(C))% = lim (AY(L)/AV™ (L) @ Q).
LIK
Since Gal(L|K) is finite and A" (L) ® Q is uniquely divisible, we have
H'(Gal(L|K),AV"™(L)®Q) =0
by [30, Proposition (1.6.2)]. This shows that
(AY(L)/AY™M(L) @ Q)EHR) = AY(K) /A (K) © Q.

This proves that (8) holds, which finishes the proof of Theorem 5.6. O

6. PICARD GROUPS OF UNIVERSAL COVERS OF ABELOIDS

6.1. Setup. Let A be an abeloid variety over K. We begin by recalling the main statements
about uniformisation of abeloid varieties, due to Raynaud and Bosch—Liitkebohmert: Let r
be the rank of H' (A,Z) as a Z-module. Then there exists a unique analytic covering £ — A
of A with H*(E,Z) = 0 such that

A=E/M
for some lattice Z" = M C E. Moreover, E is a Raynaud extension, namely there exists a
exact of rigid groups which is short exact in the analytic topology

(9) 0-T—-E5B—0
where T is a torus of rank r» and B is an abeloid variety of good reduction. We denote by
¢: M — B

the composition of the inclusion M C E with the projection 7 : E — B.

Recall now from the duality theory of abeloid varieties that the Picard functor of A is
representable and its identity component is an abeloid variety AY. Let AY = EV/M"Y and
TV — EVY — BV be its Raynaud uniformisation. As we will later recall in more detail, there
is a canonical identification

MY = Hom(T,G,,).
Moreover, B is the dual of B, in particular we have
Extl,(B,G,,) = BY(K).
This induces an isomorphism
Extl,(B,T) = Hom(M",Ext}, (B, G,,)) = Hom(M", BY(K)),
and under this identification, the extension class of E corresponds to the morphism
¢’ MY — BY(K)

associated to AV.
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6.2. Recollections: Appell-Humbert for abeloids. In the classical theory of complex
abelian varieties, the description of the Picard variety is achieved by the Appell-Humbert
Theorem. We now collect some results of [26, §6.1-§6.3] concerning the analogous computation
of Pic(A) in the rigid-analytic setting. In fact, for later applications to the perfectoid case,
we will take a slightly different perspective than [26]. Namely, we wish to reinterpret the
construction in terms of the Cartan—Leray spectral sequence for the cover £ — A.

Like in complex geometry, the basic idea is to describe line bundles on A in terms of line
bundles on E together with descent data. For this we first describe O(E)*.

Definition 6.1. Recall that E defines an extension class in Ext. (B, T) corresponding to a
morphism

" : MY — BY(K).
Let My’ be the kernel of ¢, this is a finite free Z-module of rank in between 0 and 7.

The following Lemma clarifies the conceptual meaning of M;, namely it corresponds to
the maximal quotient of A that is a totally degenerated abeloid variety:

Lemma 6.2. (1) We have My = Hom(E,G,,). In particular, there is a natural mor-
phism q : E — T} to the torus Ty with character group MY’ .

(2) There is a totally degenerated abeloid Ay with a surjection ¢ : A — Ay such that any
morphism A — Al into a totally degenerated abeloid admits a unique factorisation
through ¢. We have dim Ay = rkz MY’ .

(3) Assume that the inclusion My — MY has torsionfree cokernel, so that it corresponds
to an extension of tori To — T — Ty. Let My := q(M) C T and My := M Nkerq.
Then @ is split and A admits a canonical decomposition

A:A1><A2

where A1 = Tl/Ml and A2 = EQ/MQ fOT EQ =F XT Tl.
(4) We can always find an isogeny A’ — A such that A’ admits a decomposition as in 3.

Proof. (1) Applying Hom(—,G,,) to (16) yields a long exact sequence
0 — Hom(E,G,,) - MY — Ext*(B,G,,).

It follows immediately from the characterisation of ¢¥ : MY — BY(K) given in the
previous section that the boundary map is identified with ¢¥ : MY — BY. This
shows the first part. In particular, we have a natural map F — T} where T} has
character group My’ .

(2) Let A} = T{/Mj be any totally degenerate abeloid, then by the universal property
of the analytic cover, any morphism A — A; lifts to a morphism A : E — Ty. This
induces a factorisation £ — T} — T]. The fact that A maps M into M implies that
this induces the desired morphism A; — A’.

(3) If My — MY has torsionfree cokernel, it is split, hence the map E — T has a
splitting s : 77 — E. The induced map s : Ty — E — E/M has kernel s~(M).
On the other hand, the composition Ty — E/M — Ty /M has kernel M. It follows
that M; = s~ (M), hence s sends M; into M. This induces the desired splitting
s:T/M; — A/M. All other statements are then clear.

(4) Let N € N be large enough such that any torsion in the image of ¢ : MY — BY(K)
is annihilated by N. Consider the pullback ¢ : B/ — F of T — E — B along
[N] : B — B and choose any preimages of basis element of M to define a lattice
M’ C E' with (M) = M. Then A := E'/M' — E/M has the property that ¢’ has
torsionfree cokernel, hence to has My — MV. O

We deduce:

Lemma 6.3. We have O*(E) = K* x My . Moreover,
Pic(E) = Pic(B)/¢"(M").
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Proof. Consider the sheaf 7,0 for 7 : E — B. Recall from Lemma 4.3 that for any rigid
space U, we have O™ (T x U) = O*(U) x M". Tt follows that we have a short exact sequence
on B
00— 0% 510" > MY 0.
Comparing to the above computation of Hom(—, G,,), we see that the long exact sequence of
cohomology is of the form
0— KX = m,0%(B) » MY 25 BY(K) — ...

Since m,O*(B) = O*(E), this gives the desired description.

The second part follows from the same short exact sequence by [16, Corollary B.8§]. 0

At this point, we can explicitly describe the Cartan—Leray sequence for the cover £ — A:

Theorem 6.4 (rigid Appell-Humbert, [26, Proposition 6.1.9, Example 6.2.1, Theorem 6.3.2]).
Let A be an abeloid variety. Then there is a natural short exact sequence
0 — HY(M,0*(E)) = Pic(A) = (Pic(B)/M")M 2, H2(M,K*).

The third term parametrises elements of Pic(FE) arising from some N € Pic(B) for which
there is a homomorphism X : M — MY such that the following diagram commutes:

(10) y |+

Equivalently, this commutativity means that oy lifts to a map
YN E — Ev.

We note that the fourth term in the sequence would a priori be H2(M,O*(E)). In order
to understand the boundary map dz, and why it factors through H?(M, K*), we to recall a
canonical bilinear pairing on M x MV associated to A:

Let m € MY, this can be interpreted as a morphism T' — G,,. Pushout of E along this

map defines a line bundle that is canonically identified with P,,vx 5 — B, where P — B x BY
is the Poincaré bundle considered as a G,,-torsor. We thus obtain a linear map

emv : B — Ppvyp — B.

By swapping the roles of M and MV, we see that this is also bilinear in MV, in the sense
that the above maps for varying m" € MY assemble to a bilinear map

(=, =) M x MY = Ppxpv, (m,m") ey,v(m).

This can be regarded as a non-vanishing section of Pyruprv — M x MV, and in particular
gives rise to a canonical trivialisation of P as a G,,-torsor over M x MY C B x BY.

(11) Prsary =M x MY x Gy,.

In particular, this endows the left hand side with the structure of an abelian group (rather
than just a biextension).
Suppose now that we are given a pair

(N, )\) € Pic(B) x Hom(M, M")
such that the following diagram commutes:
M[E] —— MY[}
P p
(12) l i
B(K) -2 B'(K).
Then the fact that ¢y is symmetric gives rise to a natural isomorphism

0 ONPm,BY = PBA(m)-
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We can use this to define an alternating pairing
YN M x M — K*

as follows: Fix m and consider the diagram

v —2 5 G,
T 7/\ Am) — G, /
MY o Prx v
(13) A om
VER P
B\/ B\/
I _=

B ——= B.
We can now use this to define ¥ (m, m’) by sending m’ around different corners of the above
diagram: We can map
M—FE M PBXA(m) — PmxBv

and evaluate this at m’, this is precisely o({m/, A(m))).

Or we could go via A : M — MY and use the map MV — EV £ P, pv. This is precisely
(m, A(m)).

Now both o((m/,A(m))) and (m, A(m')) lie in the fibre Py, of P — B x BY over
(m, A(m’)). Since this fibre is a homogeneous space under G,,(K) = K*, it makes sense to
consider their difference (written multiplicatively)

(m () [o((m', Am)) € K.
This defines the desired alternating pairing
Un M x M — KX,
Proposition 6.5 ([26, Proposition 6.1.9, Example 6.2.1, Theorem 6.3.2]). The connecting
map 0o in Theorem 6.4 is defined by sending N € Pic(B) to the 2-cochain
cr(N): M? = KX, my,ma v r(my 4+ ma)r(my) " r(me) " 17(0)(my, A(mz))
where v : M — N is any trivialisation of ¢* N, and the right hand side is considered as an
element of K* via the canonical identification
(id, on)*Ppxpv — Do(N) :=m*N @ 7N ' @ m3 N~ ® 0*N.
Proposition 6.6 ([26, Proposition 6.1.12]). Let (N, X) be as in Theorem 6.4, i.e. N € Pic(B)
and X : M — MY are such that (10) commutes. Then the following are equivalent:
(1) 62(N) = cr(N) =1,
(2) vn =1,
(8) The following diagram commutes:
M -2 MY
(14)
E 222 BV
We can now essentially describe line bundles on A:
Theorem 6.7 (rigid Appell-Humbert, [26, Theorem 6.3.2]). Let A be an abeloid variety.
Then there is a natural surjective map between sets of isomorphism classes
triples (N, A\, 1) consisting of
N € Pic(B), (10) commutes
A: M — MY homomorphism, | and c.(N) =1
r: M — N trivialisation

(15) — Pic(A)
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Given (N, ), a trivialisation r exists if and only if (14) commutes. The datum of r with
¢ (N) =1 is then equivalent to an isomorphism v : ¢(m;)*N = K for eachi=1,...,m.

Remark 6.8. (1) In terms of this description, we can interpret the exact sequence
0 — HY(M,0*(E)) — Pic(A) — (Pic(B)/MY)M 22, H2(M, K*)

of Theorem 6.4 as follows: The second map sends (N, \,7) to N. The condition that
this lands in (Pic(B)/M"Y ) remembers the composition A : M — MY — MV /My .
Hence this forgetful map is a torsor under pairs M — My and homomorphisms
M — K* rescaling the trivialisation r. Together, these combine to the datum of a
l1-cocycle M — O*(E), which explains conceptually the kernel H'(M, O*(E)).

(2) The failure of (15) to be a bijection is essentially due to the difference between
Pic(B) and Pic(E) = Pic(B)/M". This can be accounted for by equipping A on the
right hand side with a certain additional datum of a “cubical trivialisation”, see [26,
Theorem 6.3.2.] for details. We will not need this in the following.

(3) We think of the condition that )y = 1 as making precise the idea that (—, A=) is
symmetric. This is the analogue of the symmetry condition on the Hermitian form
in the complex Appell-Humbert Theorem.

By forming quotients in the last diagram of the Appell-Humbert Theorem, we can deduce
an explicit description of the Néron—Severi group:

Theorem 6.9 ([26, Theorem 6.3.2]). Let A be an abeloid variety. Then
NS(A) = Hom(A, AY)™™
s a finite free Z-module that can be described explicitly as follows: It is the subgroup
NS(A) € NS(B) x Hom(M, M")
of pairs (N, \) satisfying both of the following two conditions:

(1) The following diagram commutes:

B(K) 22 BY(K).
(2) We have Yy =1, i.e. {mq,A(ma)) = &(ma, A(m1)).

6.3. The groups O*(E) and [ (E). As a preparation for the computation of Pic(A),
we discuss line bundles on perfectoid Raynaud extensions where T' is a torus and B is an
abeloid variety of good reduction. This essentially means upgrading the results from the last

section to the relative setting of relative tori over B. However, as we have seen that Pic(7T')

is already huge, we cannot expect Pic(E) to have a nice description. Instead, we will pass to

6X—torsors, which will be enough since in the compact setting, we can freely switch back and
forth between Pic(A) and H'(A, O* [%])
We start by noting a phenomenon that will be relevant when we compare line bundles on
X

A to those on A: While for the torus T, we have O(T')* [%] =0 (T)[%}, the group O (E)
will in general be larger than O* (E)[%]

Definition 6.10. Recall that E defines an extension class in Ext! (B, T) corresponding to
a morphism

MY — BY(K).
Let My be the kernel of this morphism, this is a finite free Z-module of rank in between 0

and r. The injection My — MV corresponds to a morphism of tori 7' — Ty which is universal
with the property that the pushout Ty x” E is split.



PICARD FUNCTORS OF PRO-ETALE UNIVERSAL COVERS 31

Definition 6.11. By Theorem 5.10, E defines a class in Extalm(é, T) which by Corollary 5.5
corresponds to a homomorphism

Vil V7)1l
MY = B (R)[)-
Let MY’ be its kernel. This is a finite free Z[%]—module of rank in between 0 and r.

The two modules My and M)’ fit into a commutative diagram

MY MY BY(K)

o |

MY —— MY[E] — BY(R)[L].

In particular, we have an inclusion
My'[;] € My,
which in general may be proper: This happens e.g. if E becomes split, while E is not.
The injection My — M V[%] corresponds to a morphism of tori T — T} where T} is the

perfectoid torus with character lattice M)’. This morphism is universal with the property

that the pushout fl xT F is split.
Definition 6.12. We set
My o= MY[2]/MY.

Equivalently, this can be described as the image of MV[%} in E(k)[%] C Pic(B).

6.4. O -torsors on E. We now pass from O to O™ since the latter is easier to control for

relative tori.

Lemma 6.13. Let Z be any rigid space and let m : E — Z be a T-torsor. Then we have
short exact sequences of sheaves on Z

050" 510" = MY[Z] = 0.
This sequences is not in general split unless 7 is a trivial torsor.
Proof. Let U — Z be any affinoid open over which 7 is split. By Lemma 4.3,
O (T xU)=0"(U) x M"[1],
which glues to give the desired exact sequence. O
The main result of this section is now the following description of O -torsors on E:
Proposition 6.14. We have a short exact sequence
0— K*/(1+m)— H'(E,0") — My -0
as well as an isomorphism
HY(E,0") = Pic(B) /My .
Proof. Since E — B is a T-torsor, we have
HY(E,0°) = HY(B,7,0")
by Proposition 4.5. By Lemma 6.13, this fits into an exact sequence of étale cohomology
0™ (B) » MV[X)(X) - H'(B,0") » H'(B,7.0") — H'(B, M"[%)).
The last term vanishes since H'(B,Z) = 0 by [6, Theorem 1.2.(c)].

The image of the second map is MV[%]/Mlv = My by definition of My’ and My in §6.3. O

X
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6.5. Universal covers of abeloid varieties. In this subsection, let K be an algebraically
closed perfectoid field of characteristic 0 or p.

Let A be a connected smooth proper rigid group variety over K, always assumed to be com-
mutative. Such objects are called abeloid varieties. The algebraic (equivalently, projective)
abeloid varieties are precisely the abelian varieties.

Let us recall the main statements about uniformisation of abeloid varieties, due to Raynaud
and Bosch-Liitkebohmert: By the theory of Raynaud extensions, one can associate to A a
connected rigid group variety E — A that is universal with the property that H. (E,Z) = 0.
It fits into a short exact sequence with respect to the analytic topology

(16) 0—-T—-E—-B—0

of analytic adic spaces over K, where B is an abelian variety with good reduction and 7" is a
rigid torus of rank r (necessarily split since K is algebraically closed). Moreover, there is a
lattice Z" = M C FE such that there is a short exact sequence in the analytic topology,

(17) 0->M-—>FE—A—0.

The data of these two exact sequences is commonly referred to as the Raynaud uniformisation
of A. Translated into the setting of diamonds, we may equivalently regard (16) and (17) as
exact sequences of abelian sheaves on Perfg.

In this setting, in analogy to the rigid analytic universal cover, there is a p-adic perfectoid
universal cover of A: By the Main Theorem of [3], this has a perfectoid tilde-limit

A= @ A.
[p]
We also recall the following result, which explains in what sense A is the universal cover:

Proposition 6.15 ([16, Theorem 3.10, Corollary 3.11]). For any abeloid variety A,

Hidz,) = im0
0 fori>0,
mion e Or  Smino
0 fori>0.

In particular, we have the following link between the theory in characteristic 0 and p:
Corollary 6.16. The sharp map f : Pic(A®) — Pic(A) is an isomorphism.
Proof. This follows from the short exact sequence on /TU
0= Zp(1) = O = 0% =0
using Proposition 6.15. O
Corollary 6.17. We have Pic(A) = H* (g,@x).

Proof. Tt suffices to see that H*(X,1+mO%) = 0 for i = 1,2. In characteristic 0, this follows
from Proposition 6.15 by the logarithm sequence

0= py® = 14+mO" = O —0.
In characteristic p, it follows from the analogous sequence on /NL,
0—Q, = 1+mO" - 0 0.
O

In particular, this shows that every line bundle on A can be lifted to a @m-torsor in a
unique way, i.e. every line bundle has a natural perfectoid cover.
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Building on the previous sections, we now determine the group Pic(A) in general. Our
strategy is inspired by the complex case, where for any complex torus the short exact sequence
of the universal cover

0-A—=>CI—>CI/A—0

gives rise to a description of the Picard group as group cohomology
Pic(C9/A) = HY (A, 0*(C)).

This cohomology group can be described explicitly using the complex exponential, leading to
what is known as the Appell-Humbert Theorem.
There is an analogous description for abeloid varieties, using instead the sequence

0—->M—FE— A,

as we shall recall in Theorem 6.4 below.
In order to pass to the perfectoid case, it is possible in principle to carry out a similar
strategy with the short exact sequence

O—>M—>Mp><E—>Z—>O.

However, the terms arising in the Appell-Humbert sequence are more difficult to control:
While Pic(FE) is manageable, we have seen that there are many line bundles on E. A second
issue is that the group cohomology is of the form

Hgyo(M,C(M ® Z,, K*))
where M acts as translation. It it possible to show that this equals
Hom(M, K* /(14 m)),

but the proof is a bit involved.

Instead, we shall therefore reduce attention to O™ -torsors from the beginning, which also
allows us to work on A instead of A. This allows for a treatment which is closer to the rigid
situation.

For the entirety of this section, let us fix an abeloid A over K with dual AV and Raynaud
uniformisations

M\/

|

M
T——»E—> B, TV EV BY
A

|

A\/

as in §3.1. Recall from [26, Theorem 7.6.4], [25, §9] that the extension classes E € Ext'(B, T)
and EV € Ext'(BY,T") correspond to morphisms

¢V : MY - BY(K), ¢: M — B(K),

respectively. For a second abeloid A’, we are going to use analogous notation, i.e. E/, M’,....

6.6. Lifting O -torsors to line bundles. As we have just seen, in the rigid setting, any
line bundle N on B that defines an element in (Pic(B)/M)™ gives rise to an alternating
bilinear pairing

Uyt M x MY — K*

which can be interpreted as a 2-cocycle in group cohomology.
For the perfectoid Appell-Humbert Theorem, we claim that we instead have for any N €

Pic(ép) = (Pic(ép)[%]/Mlv)M an alternating bilinear pairing

Uy M x MY — K*/(1+m).
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Proposition 6.18. Let N be a line bundle on Ep and X : M — MV such that the following
diagram commutes:

Then there is an abeloid variety A" with uniformisation A’ = E'/M’, T' — E' — B’ and
with an isomorphism A; = A, inducing an isomorphism B; = B,,, with respect to which N
1s the pullback of a line bundle N' on B’ such that the following lift of this diagram commutes:

M —2 s MY

(18) Jas’ jw

BI(K) 2 BY(K)[A)].

We can always do this in such a way that ker qi)’v[%] = kerav.

Proof. By Corollary 6.20 below, we can find a lift B’ of B such that N comes via pullback
from a line bundle N’ on B’.

We now choose compatible lifts of ¢ and ¢V as follows. For later applications, let us
axiomatize the argument:

Lemma 6.19. Assume that we are in one of the following situations:

(1) We have for each abeloid variety A a subgroup U(A) C A(K) such that any ho-
momorphism A — A’ sends U(A) — U(A'), for ezample U(A) = A. We write
A(K) := A(K)/U(A). Or:

(2) We are given subgroups U(B) C B(K) and U(BY) C B(K) such that with notation

as above, pn and Py : B(K) — EV(K) are both injective.

Assume that we have a line bundle N on B and a morphism X\ : M — MY such that the
following diagram commutes:

M —2 s MY

Pk

B(K) =22 B'(K).

Then we can find ¢' : M — B(K) and ¢’V : MV — BY(K) such that all of the following hold
up to torsion: ¢’ = ¢ mod U(B) and ¢’V = ¢V mod U(BY) and ker ¢'V = kerav and the
following diagram commutes:

M —2 MY

b
(K

B(K) 2 BY(K).

Proof. We first observe that we may without loss of generality make U(A) bigger and replace
it by the kernel of A(K) — A(K)/U(A) ® Q. Then A = A(K)/U(A) is torsionfree, but
also divisible since A(K) is. Hence it is a Q-vector space. Consequently, the given diagram
extends uniquely to

MoQ 229 uVeQ

F@Q Fv@t@

B(K) 2 B'(K).
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Let By := ker oy and By := impy C BY. Both of these are abeloid varieties, hence we
obtain an extension
0—By—B— B, —~0.

Any such extension is split on a finite cover, hence we can find an isogeny
By x By — B.

Similarly, we can find an isogeny
BV — Bl X BQ
such that ¢y is up to isogenies given by the identity id : By — Bj.
By functoriality of U and hence of *(K), this induces a map

Bo(K) x Bi(K) — B(K)

which maps B; onto its isomorphic image since everything is torsionfree.
Let My := ker 5\/@(@. By our assumption that ker ¢’V = ker Ev, we need to set ¢ |prv = 0.
Let M be the preimage of M,” under A®Q. Choose any lift of ¢/ to M — By(K) x B (K).
Then the fact that the diagram commutes means that

@ : M= Bo(K) x Bi(K) - B'(K)

sends M; to 0. Consequently, M; lands in Fog Bo(K) x B1(K). We can define ¢’ on M; to
be any lift ¢/ : M1 ® Q — Bo(K) — B(K) of ¢. Then ¢y o ¢'(M7) = 0 by construction.

By completing from M; ® Q to a basis of M ® Q, we now extend this to any lift

¢ M®Q— B'(K)
of ¢. We claim that we can now find a compatible lift
¢IV:MV®Q%BIV(K)
making the desired diagram commute. We had already defined ¢'V on My ® Q.

On the Q-subvector space given by the image of A, the map 5/\/ is uniquely determined
by commutativity of the diagram by taking any preimage in M ® Q and sending it around
the bottom corner of the diagram. This does not depend on the choice of preimage since
ker \@ Q C My = A1 (M) is sent to 0 in BY(K) by construction.

Finally, we simply choose any sub-vector space L C MY ® Q such that M @ Q = L &
(im A ® Q + MY ® Q) and choose any lift of ¢ |, : L — B (K) to ¢'V|1, : L — B'(K). This
is necessarily injective since it is on the reduction.

By construction, our different functions on L, im(A ® Q) and M," now glue together to a

function ¢'V : My — B’(K). Then since im(\) N L = 0, the desired diagram commutes, and
the functions satisfy all desired properties. O

Returning to the setup of Proposition 6.18, we can furthermore deal with the torsion in
Lemma 6.19: Since replacing M by p"M and MY by p" MV for any n € N yields an abeloid
variety with cover isomorphism to Ep, we may without loss of generality assume that the
congruences and commutativity of the Lemma hold up to coprime-to-p torsion. Observe now

that the reduction map B(K) — B(k)[;] identifies the N-torsion subgroups for any N € N

coprime to p. Hence we can uniquely lift ¢ — $/ to a morphism § : M — B(K) and replace ¢’
by ¢’ + ¢ to ensure that ¢ = ¢’ mod E(K) Similarly for ¢'V.

Finally, if the diagram commutes up to coprime-to-p-torsion in BY (K), then the fact that
reduction mod EV(K ) identifies coprime-to-p torsion implies that it already commutes.

The maps ¢’ and ¢’V of the Lemma now define Raynaud extensions TV — E'Y — B’V
and T — E' — B’ lifting £’ and E. The commutativity of the diagram means that (N, )
defines an isogeny E’ — E'V. Finally, we can lift M — B’(K) to a map M — E’(K) in such

a way that this agrees with M — F(K) on the associated O”-torsor. Then the abeloid
A':=FE'/M
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is as desired, and the map E — E defines an isomorphism A’ 5 A by [16, Theorem 5.4]
since M — E and M — E’ are identified on the special fibre.
0

The following Lemma was used in the proof:

Lemma 6.20. For any line bundle L on Ep, there is an abelian variety B’ over K together
with an isomorphism Bj, = B, and a line bundle L' on B’ such that L is the pullback of L'.

Proof. We can without loss of generality assume that L is the image of a line bundle L on B
via the map

Pic(B) C Pic(B)[3] = Pic(B,).
The general case then follows since we can always extract p-th roots of line bundles via [p"]
by [15, Lemma 4.7].

By a theorem of Mumford [31, Theorem (2.3.3) ], there exists a lift (B’, L’) of (B, L) to
Ok, i.e. a formal abelian scheme B’ together with an isomorphism ¢ : B} — B and a line
bundle L’ on B’ whose special fibre is isomorphic to ¢*L. Let B’ be the generic fibre, then
by (the easy direction of) [16, Theorem 4.2], the isomorphism ¢ induces an isomorphism

B;, = B,
that identifies the pullback of L’ with L, as desired. O

Coming back to our pairing, Proposition 6.18 now allows us to assume without loss of
generality that N is the pullback of a line bundle N’ on Pic(B). We can then simply define
1y to be the reduction of 957 mod 14 m. This is independent of the choices since any other
choice of B’ and N’ is quasi-isogeneous on the special fibre, and thus gives rise to the same
pairing with values in K> /(1 + m).

Alternatively, we can give a more intrinsic definition as follows: We first note:

Lemma 6.21. Let (N, \) be a pair of N € Pic(B),) = Pic(B)[%} and a group homomorphism
A M[%} — MV[%]. Then N and X\ define quasi-isogenies pxn : B — B and\:T > T'
respectively, and the following are equivalent:

(1) The following diagram commutes
M| —2— MV[1]
(19) |
B(k)[E] = B (k)L

(2) There is an isogeny of O -torsors E — EZ making the following diagram commute:

0 T E B 0
J{A PN, pr N
0 T’ E’ B’ 0

where T =T/T and E = E/E, and similarly for the duals.

Proof. It suffices to see that we have

Exth,,(B.0") = B(k)[1],

which implies Exty, (B, T) = Hom(M[%},E(k)[}%]) since M[%] = Hom(T', 0 ") by Lemma 4.3.5.
But the Ext-group are precisely the translation invariant elements of H%ar(§,6X)7 which

is = Pic(B)[5] by [15, Proposition 3.10]. O
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Let now (N, ) be a pair satisfying the equivalent conditions of the lemma. Let P be the
pullback of the Poincaré bundle to B x BY and let P be its reduction to a O -torsor on
BxB'. To any m € M[%], we have an associated morphism

m:T — 0.
Pushout of E along this morphism defines an extension
050" =P, 5— B —>o0.

Consider now the pullback of fmxg along ¢p. Fix m € M, then using the lemma, we see
that this fits into a diagram of commutative cubes

7V m —x
A /
T//\('m) 6X /
>
M E f§><A(m)
—vV —vV
L7

in which all squares except possibly the leftmost one commute. The fact that ¢}, = ¢p is
symmetric implies that we have

Phusm =M NN

We now repeat the construction after (13) for the diagram (20) to get the desired pairing

o’ =, X)) [ ((m! Am))).

It is clear from comparing the two diagrams (13) and (20) that for any lift N as above, the
reduction of ¢ mod 1+ m agrees with 1.

Lemma 6.22. Let (N, \) be such that the conditions of Lemma 6.21 are satisfied. In particu-
lar, we have a quasi-isogeny oy : E — E". Associated to this we have by [16, Theorem 5.2]
an isomorphism @y : B, — Ez\)/' Then the following are equivalent:

(1) We have ¥y 5 = 1, that is (m, A(m')) = @((m', X(m))) for all m,m’.
(2) The following diagram commutes:

ML) —2 MY[}]

(21) l lp

E(k) 2225 B (k).

(3) The following diagram commutes up to topological p-torsion

(22) f l '
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Proof. The T -torsor E' can be written as the iterated fibre product over B of Prn,xBY
where my, ..., m, is a basis of M. Consequently, it suffices to check that the outer horizontal
diagram in the middle row of (20) commutes for all m. This happens precisely if 15 = 1 by
definition of the latter. This shows the equivalence of 1 and 2.

The equivalence of 2 and 3 follows since the topological p-torsion elements of EX (K) are

precisely those in the kernel of E]\j’ (K) = BE(K) — E(k)[%] 0

Proposition 6.23. In the setting of Proposition 6.18, let L C O} be some divisible subgroup
and let T(K) = Hom(MY, K> /L). Suppose that we have a quotient map E(K) — E(K) such
that E(K) is an extension

0—T(K)— E(K)— B(K)—0,
and similarly for EV — E" with TV(K) = Hom(M,K*/L). Assume that the morphism
¢ : E — EV reduces to a morphism @ : E — E" and that we have morphisms h : M — E(K)
and B’ MY = FV(K) making the following diagram commutes:

M —2 5 MY

(23) | |

B(K) -2 B (K).
Then one can find lifts h : M — E of h and Y : MV — EY of hY which making the following

diagram commute

M —2 5 MV

z I

E(K) 5 EV(K)
and such that the resulting abeloid E/M is dual to EY /M.

Proof. By Lemma 6.22, the square (23) that we wish to lift commutes if and only if @N’A =1.
Given any lifts h and hY, the square (24) commutes if and only if 1 = ¢n+ 5, where

(25) YN NM — K>, (m1,ma2) — @ ((ma, )\(mQ))/<m2,)\(m1)>.

Let us denote the kernels of E(K) — E(K) and E(T) — T(K) etc by E(K), E(K), etc.
Then by assumption, the diagram (24) commutes up to a difference of the form
M — E(K).

We wish to perturb our lift h : M — E in such a way that this difference is cancelled out,
so that (24) commutes. But in doing so, we need to be careful that changing M — E’ also
changes the map MY — E’Y in (24). In order to control both M — E’ and MV — E’Y
simultaneously, we switch perspective using [26, Proposition 6.1.8] and consider instead the
equivalent datum of the bilinear pairing

(=, =Yar : M x MY — Ppryp
determined by (and conversely, determining) A’ := E/M. As the composition ¢’ x ¢’V :
M x MV — B x BY is fixed by our choices of E/ and E'V, the remaining ambiguity in A’ is a
scaling in each of the fibres of Pg/«pv — B x BY. More precisely, we can perturb (—, —) ar
by multiplying with any bilinear map
§:Mx MY — L
and obtain a pairing
(= =)s = (=, =) 6: M x M"Y = Ppixp~

defining an abeloid that is “p-adically close to A””. Explicitly, we can regard § as a morphism
0: M — T(K), and the abeloid corresponding to (—, —).a,s is the one defined by the lattice
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M — E’ obtained by translating the lattice of A’ by the topologically p-torsion difference
M2 T(K) - E(K).
Observe now that for the resulting pairing (—, —)s, the pairing ¢  becomes

VNI A ANM — KX, mq,mg (ml,)\(m2)>-5(m1,)\(mg))/@(<m2,A(m1)>-6(m1,)\(m2)))

= n - (80ma, A(m2))/6(ma, A ) )
where we have used that ¢ is K *-linear. It thus suffices to prove that there is a morphism
d:Mx MY =L
such that
8(ma, A(ma))/6(ma, AN(m1)) = P,
as then (—, —)s will define a pairing for which ¥n+ x5 = 1, as desired.

At this point, we have reduced to a linear algebra problem: Since w;,l)\ is alternating,
Lemma A.2 shows that it is always possible to find a bilinear map

e:MxM— L

such that 1/1;,)1/\(7711 Amg) = e(m1,mz2) — €(ma,m1). Given such an ¢, we are left to see that
one can find A : M x MY — 1+ m such that e(—, —) = §(—, \—).

Since Hom(M, L) is divisible, this is possible if and only if € factors through M x M/N
where N := ker \. Note that since M" is torsionfree, N C M is a split submodule. By
Lemma A .4, it now suffices to see that 7,/1]}71/\ vanishes on A2N, which is clear from (25). O

6.7. The perfectoid Appell-Humbert Theorem. We are now ready to prove the ana-
logue of the Appell-Humbert Theorem in our setting: We start with the intermediate cover

Zp = l&n A.
[p]

Theorem 6.24 (Appell-Humbert for Xp), The Cartan—Leray sequence 0f5>< applied to the
analytic M -torsor E — A induces an exact sequence

0 — H'(M, 0" (E)) — Pic(A,) — (Pic(B)/M"[1]))M 22, Hom(A2M, K*/(1 +m)).
where 6o is defined as in Proposition 6.5.

Alternatively, we may regard this sequence as the Cartan-Leray sequence for the sheaf
O* ®z Q applied to the analytic M-torsor X — A.

Theorem 6.25. For any N € Pic(A), there is an abeloid A" with an isomorphism A’ =5 A

such that N is in the image of Pic(A’) — Pic(A).
Corollary 6.26. Fvery line bundle on B has a formal model on PB.
Corollary 6.27. Any line bundle on A is integral, i.e. comes from an O> 7 -torsor.

While Corollary 6.25 follows from Theorem 6.24 by comparing linear algebra data, our
proves of these two statements will go hand in hand:

Proof of Theorem 6.24 and Theorem 6.25. By Corollary 6.17, we have
H'(A,0%)=H'(4,0%).
By [14, Corollary 3.20], we have
H'(A,07) =lim H'(4,07).
(N]

The group H 1(A@X) sits in a Cartan—Leray spectral sequence for £ — A:

0= H(M, 0 (E)) » HY(A,0) » HYE,0)M 3 H2(M, 07 (E)) —» H*(A,07)
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By Proposition 4.5,
_x o
H'Y(B,0") = Pic(B)[;]/My,
where by Definition 6.12, My’ denotes the image of M"[1] — B(k)[}], and where the right
hand side are the locally constant maps.
It follows from Proposition 6.14 and Theorem 5.1 that the first, third and fourth term of

N]? hence the same holds for Hl(A76X ).
This proves the following, which may already be regarded as a generalisation of Theorem 5.1:

the above sequence remain the same after taking @[

Corollary 6.28. The natural morphisms induce isomorphisms
Pic(A) = H'(A,07) = H' (A, 07).
To prove the Theorem, it remains to show that we may replace do with the simpler term
stated in the theorem. We do this by comparing to the rigid situation: By a comparison of

Cartan—Leray sequences for the map O* — O™ and the morphism of M-torsors X — FE over
A — A, we get a commutative “master diagram”

0 — HY (M, 0" (E)) — HY(A,0°) — (Pic(B)/MY)™ 2 Hom(A\2M, K* /(1 + m))

[ I l |

0 — HYM,0*(E)) — Pic(A) — (Pic(B)/MV)M LT Hom(A2M, K*).

Let N € (Pic(B)/My)M. By Proposition 6.18, we can without loss of generality assume
after changing A without changing A that N is in the image of the third column, i.e. arises
from some line bundle Ny on B that maps into (Pic(B)/My)M.

Since 65 on the bottom row has the desired form by the rigid Appell-Humbert Theorem 6.4,
this shows that d5 in the top line is as described. O

Theorem 6.29. For any choice of basis my,...,m, of M there is a natural surjection onto

Pic(zzlvp) from the set of triples (N, \,r) consisting of
N € Pic(B), X\: M[%] — MV[%], ri:g(m)*N = K* /(1 +m).
such that the following conditions holds:

(1) The following diagram commutes

M —2— B(k)

1l

MY —2 BY(k),

thus inducing a morphism ¢g : E— E.
(2) The following diagram commutes up to topological torsion:

M—2 . F

|l

MY L BV
Proof. We begin with a further reduction step:
Step 3: Reducing to totally non-degenerate and non-degenerate case. By Lemma 6.21, we can
without loss of generality assume that the kernel of ¢ : MV — BY (k) ®z Q coincides with
the kernel of ¢ : MY — BY(K). By Lemma 6.2.(3) and (4), we can then replace A by an
isogeneous abeloid that admits a decomposition

A:A1><A2
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where A; = Ty /M, is the maximal totally degenerate quotient of A with associated Raynaud

extension By = T} satisfying O*(Ey) = My x K*. Moreover, we have O (Ey) = Ml\/[%] X

K*/(1+m)and O (Ey) = K*/(1+m). It follows from inflation-restriction that we have
H' (M, 0" (E)) = H'(My,0" (Ey)) x H' (M, 0" (E»)).

Similarly, the transition morphism

ker(lim(Pic(B) /My )" 22 Hom(A*M, K*/(1 +m)))

identifies with the analogous term for AVQ, since this is true in the rigid situation. It follows
from comparing the Appell-Humbert sequences for A; and A, that we have
Pic(A) = Pic(A;) x Pic(A,)

where A; is totally degenerate and Ay is non- degenerate (this could also be seen directly by
proving that there are no non-constant maps from As into the Picard functor of A; ).

At this point, we may treat the totally degenerate and the non-degenerate case separately.
Step 4: The totally degenerate case. In the totally degenerate case, we have B = 0 and thus
the sequence is simply a commutative diagram

0 — HY(M,0"(E)) = Pic(4) — 0
0 — HY(M,0*(E)) = Pic(4) — 0
as in the complex Appell-Humbert Theorem. By Lemma 6.13, we have a short exact sequence
0= K*/(1+m) = 0" (E) > MY[] - 0.

The long exact sequence of group cohomology for this is of the form

MY[3] » Hom(M,K* /(1 +m)) + H'(M,0"(E)) + Hom(M, M"[]) % Hom(A*M,K* /(1 + m))

I | [ | [

MY ——— Hom(M, KX) —— HY(M,0*(E)) — Hom(M, M") —— Hom(A\2M, K*).

This shows that the left part of the sequence accounts for Pico(ﬁ) which in the totally
degenerate case is given by
Pic’(A ) T/T( ).

We conclude that the right part of the diagram induces a commutative diagram

0 — NS(A) —— Hom(M, M) —2 Hom(A2M, K* /(1 + m))

| | |

0 — NS(A) —— Hom(M, M) —— Hom(A2M, K*)
Let A : M — MY be an element in NS(A). Then the defining condition that A € ker §; means
that 1o , = 1 where O is the trivial line bundle. By Lemma 6.22, this means that

M[}] —>—— MY[}]

T/T(k)[L] —E TV TV (k) [2]

commutes, which by the same lemma is equivalent to the last statement in the theorem.
Finally, to see Corollary 6.25 in this case, we note that by Proposition 6.23, we can always
change A without changing A to assume that A is in the image of NS(A) — NS(A).
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Step 5: The non-degenerate case. It remains to treat the non-degenerate case, which means
precisely that O (E) = K*/(1 4+ m) and thus also O*(E) = K*. In particular, the first
terms in our “master diagram” simplify, and it becomes

0 — Hom(M, K*/(1 +m)) — Pic(A) — (Pic(B)/My)M 2 Hom(A2M, K*/(1 + m))

| | |

0 — Hom(M, K*) —— Pic(A) — (Pic(B)/MY)M —*2 Hom(A\2M, K*).

Suppose now that we have a pair (N, \) defining an element in ker d2. We have already
found Ny € Pic(B) such that this comes from the bottom row. We claim that we can in fact
choose A in such a way that d3(Ng) = 0. This will prove Corollary 6.25 in this case by a
diagram chase using that the leftmost map in the diagram is now surjective.

To see this, we choose any trivialisation 7 : M — Ny over M — B’ and use the explicit
description in Theorem 6.24 of

82(No) = (ma, mg = 7(my +ma)r(ma)~'r(mg) = r(0)(m1, A(ma))).

If this is sent to 1 € H2(M, K* /(1 +m)), this means that there is s : M — K* /(1 +m) such
that we have

o= s(my +mg)s(my) ts(mo) L
This implies in particular that (mq, A(mz2)) is symmetric mod 1+m; More precisely, unravelling
the implicit identification

a—l

fﬁn X A(m2) % D(N)ml,mz = D(N>mz,m1 ~ fm2><)\(m1)a
which equals ¢, this means that
M2 KX /(L m), my,ma = (1, Ama) /¢((ma, Ama)))

vanishes. By Lemma 6.22, this means that the following diagram commutes

where E and E are the associated O  -torsors obtained via pushout along O* — 0. By
Proposition 6.23, we can then choose A in such a way that already the lift

M —2 5 MV

| |

E(K) 2% BY(K),

commutes. This in turn implies that §2(Ng) = 1, as we wanted to see.

Conversely, if (my, A(m2)) is symmetric, the lift we just obtained satisfies d2(Ng) = 1 by
Theorem 6.4, which implies d2(N) = 1 by commutativity of the above comparison diagram.
This shows that the symmetry of (—, A(=)) : M x M — K*/(1+m) is in fact equivalent to
02(N) = 1. Applying Lemma 6.22.3, this is equivalent to the last statement in the theorem.
This completes the proof of the theorem. O

6.8. Picard group of the p-adic cover.

Definition 6.30. We call a morphism ¢ : /Tp — g]\g/ symmetric if the induced morphism

:B— B’ on the special fibre of the good reduction part is symmetric, i.e. if @Y =p. The
subset of symmetric morphisms is denoted by Hom(A4,, AIY )™ C Hom(A,, Ay).

We now get the following very close analogue of the rigid Theorem 6.9:
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Theorem 6.31. There is a natural short exact sequence
0 — A(K)/A(K) = Pic(A,) — Hom(A,, AY)¥™ - 0,

Here the first term can be identified with Pico(;{'p) = Extl(;{p,Gm) and the third is by
definition the Néron—Severi group NS(A,), which is the finite free Z[%]—submodule
NS(4,) € NS(B)[1] x Hom(M, M")[1]
of pairs (N, \) satisfying both of the following conditions:
(1) The following diagram commutes (cf Lemma 6.21):

M3 —2— MV[3]

7| #|

— —v
B(k)[3] === B (k)[;]-
(2) The pairing (—,X(=))n : M x M — Ppxpv is symmetric (cf Lemma 6.22)

Remark 6.32. The morphism on the right can be given a moduli interpretation as follows:
Any line bundle on L on A, defines a line bundle on A, x A, given by

m*L@my Lt
One can prove that a version of the Theorem of the Square holds on ;1][” which implies that this

is translation invariant and thus defines a morphism A, — AY /At By [16, Corollary 3.11],
this lifts uniquely to the desired map

1 Y
Ap — Ay
However, proving the Theorem of the Square and exactness of the sequence in the Theorem,

requires a lot of work; it is easier to deduce this directly from the statement that any line
bundle on A, comes from some abeloid.

Remark 6.33. Theorem 6.31 gives a precise answer to Question 1.1 for Zp — A. Namely,
in comparison to the analogous description of NS(A), we see that there are in general three
sources of additional line bundles on Pic(A,) that may be invisible in hﬂ[p] Pic(A):

e The Néron-Severi group of the special fibre NS(B) may be larger than NS(B).

e Given any line bundle N on B, the pullback to E needs to be M-invariant for N
to descend to A. For descent from Ep to gp, condition 1 says that it suffices to be
M-invariant on the special fibre, which is a weaker condition.

e Given any line bundle NV on B, the cocycle condition might not be satisfied for descent
along E' — A, but can still be satisfied for the analogous cover X := M, x £, — A,
since here, condition 2 says that it suffices for the cocycle to vanish mod 1 + m.

Proof. This follows from the second part of the perfectoid Appell-Humbert Theorem and the
description of Hom(A,, A)) in [16]. O
Finally, we deduce the Main Theorem: The description of the Picard functor of ﬁp:

Theorem 6.34. There is a natural short exact sequence

0 A/A— Pic; — Hom™™(A,, AY) — 0.

Proof. As before, via tilting, it suffices to prove this in characteristic 0. Here the result is an
application of Theorem 2.4. O

Remark 6.35 (Polarisations). By composing with the valuation log|—|: K*/(1+m) — R,

one can define for any (N, ) € NS(A4,) an associated symmetric bilinear form

(= A=)wal s M[Z] x M[1] = R.
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In particular, if the corresponding line bundle comes from A, one can recover on ﬁp the
information whether this line bundle is ample: This is the case if and only if |(—, A—)]| is
symmetric positive definite by [26, Theorem 6.4.6]. In this case, one can show by tilting that

N sets up a morphism A, — PPerf for some n that is a pro-finite-étale morphism composed
with a closed immersion.

The locally constant sheaf in Theorem 6.34 can also be written as an inner Hom sheaf, like
for abelian varieties. In fact, this can actually be deduced from the Theorem itself:

Corollary 6.36. Let A and A’ be two abeloids. Then we have
Hom(A,, A})) = Hom(A,, A,).
Proof. Let S be any affinoid perfectoid space, we need to show that every homomorphism
frA,xS— A

is locally constant in S, i.e. there is a disjoint analytic cover of S on which the map factors
through the forgetful map A X S — A Let thus S-linear homomorphism A XS — A’
suffices to prove the statement for the prOJectlon

A, x 8 — A

This in turn corresponds to a line bundle L on ﬁp x A’V x S that is translation invariant on
the second factor and trivial after specialisation at the identity of either the first or second
factor. Considering the short exact sequence

0 — A'(S) — Picer (A, x A”Y x 8) = Picg (A, x AV % S),

we conclude that it suffices to consider the pullback of L to Zp X Z;V % S. But by the Theorem
we have a short exact sequence

0 — AJA(S) x A /AN (S) = Picy , 3 (S) — Hom(4, x A, AY x 4;)(S) — 0.

The translation invariance in /T;V and the fact that the pullback to Ep is trivial mean that
the image of L in the last term is already contained in

Hom(A,, A)(S).

This defines a morphism g : Zp xS = g; that is locally constant in S. Since f and g then
define line bundles whose image in the third term coincide, the difference f — g defines a line
bundle on A, x A}, x xS corresponding to an element in A/A(S) x A" /A™(S), the first

component of which necessarily vanishes. The second defines an element in S — Z; The
assumption that f is a homomorphism forces this to vanish as well. Thus f = g. O

6.9. Picard group of the universal cover. It is easy to deduce from the results for the
pro-p-cover A, the analogous results for the pro-étale universal cover

ZZ%A—ML

where n ranges over all of n € N:

Theorem 6.37. There is a natural isomophism Pic(A) = Pic(A ») @ Q. In particular, there
s a natural short exact sequence

0— AV(K)/AV(K)tt - PIC(AV) - Hom(ﬁ, AV\/)Sym 0.

Here the first term can be identified with Pico(g) = Extl(g, Gum) and the third is the group
NS(A) := Pic(A)/ Pic’(A), which is a finite dimensional Q-vector space.

We obtain the following very close direct analogue of the Appell-Humbert Theorem:
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Corollary 6.38. Assume that K =C, or K = C?,. Then
Pic(A) = Hom(A, AY)»™

is a finite dimensional Q-vector space of dimension > rk(NS(A)) isomorphic to the subspace

NS(A) C (NS(B) x Hom(M, M")) @ Q
of pairs (N, ) such that the pairing |(—, A(=))na| : M x M — Q is symmetric.

Proof. We consider the case of C,, the case of (CZ, is completely analogous, and also follows
via tilting.

The first part follows from Theorem 6.37 since AY(C,)" = AVY(C,) by [18, Proposi-
tion 2.23).

The second part follows from tensoring the second part of Theorem 6.31 with Q. Here we

use that after tensoring with @, the first condition becomes vacuous since BY (F),) is a torsion
group, and the term C} /(1 + m) becomes isomorphic to Q via the p-adic valuation. O

Proof of Theorem 6.37. We have
Pic(A) = HY (A, 0% /O*%) = HY (A, 0% /O*%) @ Q = Pic(A) ® Q.

The statement thus follows from tensoring the sequence in Theorem 6.31 with Q, and the
fact that the natural map

Hom(A,, AY) ®7 Q — Hom(A, A")

is an isomorphism by [16, Lemma 5.11]. O

7. APPLICATION: TILTING ABELIAN VARIETIES

Given an abeloid variety A over K, one can show that there is always an abeloid variety
A’ over K’ for which there is an “untilting map” of diamonds

f: A — AC.

The abeloid variety A’ is not unique and depends on certain choices. The goal of this
section is to show that if A is an abelian variety, we can always arrange for A’ to be an
abelian variety, too. We will give an explicit construction of an abelian variety A’ with such
a sharp mp in terms of the Raynaud uniformisation of A. The strategy to show that A’ is an
abelian variety is to show that polarisations can be lifted along §.

We begin with some recollections. Let A’ be any abeloid variety over K”. Then the
diamond A’¢ is represented by the perfection

AP = Tim A,
v

This is a perfectoid space over K” and we can form its untilt AP — Spa(K). The main
result of this section is:

Theorem 7.1. Let A be an abelian variety over K. Then there is an abelian variety A’ over
K" with a pro-finite-étale cover

APty A

This is closely related to Wear’s thesis, especially [36, Theorem 5.4.10] which shows the
analogous result for the p-adic universal cover A; = @[p] A instead of APf (under an
additional assumption on the value group of K to be Q). Wear’s approach uses formal

models. We here give a slightly different approach, which needs no assumption on the base
field, and instead relies on results and ideas from the previous sections in various ways.
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7.1. The case of good reduction. For the proof of Theorem 7.1, we begin with some
reduction steps. The following classical result shows that we can without loss of generality
assume that A is principally polarised. Let us fix a level N coprime to p and let X denote
the moduli space of principally polarised abelian varieties of dimension d with T'(V)-level
structure, considered as a rigid space. For a fixed 0 < € < %, we denote by X(e) C X the
rigid analytic open subspace defined by the e-ordinary locus in the sense of [35, §3].
Lemma 7.2. Let A be an abelian variety of dimension d in characteristic 0 and let N be an
ample line bundle on A.

(1) There is an isogeny A — As such that N descends to a line bundle No on As and
©N, : Ay = AY is a principal polarisation.

(2) We can after a further isogeny assume moreover that Ay admits a T'(N)-level structure
v such that the data (A, pnN,,7) define a point in X (€).

Proof. The first part is [28, Corollary 1 in §23].

For the second part, let v be any I'(V)-level structure, and let vy be a I'(p™)-level
structure. These exist because K is algebraically closed. Then (A, ¢n,,~,Vp) defines a K-
point in Scholze’s infinite level moduli space Xp(,e) from [35, §3.3.2]. By [35, Lemma 3.3.11],
we can after a further isogeny corresponding to the action of an element in GSpaq(K) arrange
that this point lies in Xp(,e)(e). O

Proposition 7.3. Theorem 7.1 holds when A = B has good reduction. Moreover, given a
principal polarisation X : B — BV, there exists a unique principal polarisation X' : B’ — B"Y
such that the following diagram commutes in the category of diamonds

B/ by B/\/

ool

B —- B
Proof. By Lemma 7.2, we may assume that B defines a K-point of X'(¢), the good reduction
locus inside X (€). We now recall some results from [35, §3.2.3] about tilting moduli spaces of
good reduction: By [35, Corollary I11.2.19] The moduli space X (€) admits a pro-étale affinoid
perfectoid cover

X]_“O(poo)(e)a — X(E),

called the anticanonical tower. Over it, there is a canonical tower of universal abelian varieties

Arg(poe)(€) = Mm (Ap, (pm)(€) X xr (n) ()0 Ao (p>)(€)a)
neN
which is also perfectoid. The limit of the universal polarisations defines a canonical isomor-
phism
A Argpeey(€) = Alyo(pm)(e)

where the right hand side denotes the induced tower of dual abelian varieties. Finally, [35,
Corollary I11.2.19] says that for the tilts, we have canonical identifications

XFO(PQO)(E)Z = X/(e)perf’ ~Af‘o(pc’°)(€)b = AFo(p‘x’)(E)perf'

The proof of [35, Corollary 111.2.19] applies also to the dual abelian variety, yielding an
identification of the universal polarisations.

The Proposition now follows from choosing any lift of the point Spa(K) — X(e) to
Spa(K) — Ap,(p=)(€)a (Which exists since K is algebraically closed) and taking the fibre
of the above tilting isomorphisms over this point. O

Let us denote
Bperf — Blperfﬁ.

Here we need to keep in mind that —P°'f is not completely functorial in this context because
it depends on a choice of level structure at p.
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Our next goal is to compare line bundles on BP*'f and BP*'f. As we will shortly recall,
the group Pic(B’P°) has been computed in [15]: It sits in a left-exact sequence

(26) 0 — Hom(T}, B, K*) — Pic(B*) — Pic(B)[%]™»?

1

P
where B is the special fibre. This means that in general, the size of image of BY(K) —
Pic(BP*f) depends on the size of the Tate module and can be anywhere in between BV(K)[I%]

(when B is ordinary) and Ev(k)[%] (when B is supersingular).
In fact, the sequence (26) can easily be upgraded to a sequence of Picard functors:

Lemma 7.4. We have a morphism of left-exact sequences of Picard functors defined on
Perf i = Perf v, where in the top line we use G'jn whereas in the bottom line we use G, .

0 —— Hom(T},B’,G’,) —— Picgma: — Picjp,

P

| Lol
0 —— Hom(7,B’,G,,) —— Picgper —— Picg .

The left vertical map is surjective in the pro-étale topology, the right vertical map is an
isomorphism.

Proof. The diagram arises from the Cartan—Leray sequence, using that both g; — B'Perf and
ép — X are pro-étale torsors under T, B’, which are identified via tilting.

The left map is surjective because f : @En — @m is surjective. The rightmost map is an
isomorphism by Corollary 6.16. 0

Lemma 7.5. In the setting of Proposition 7.3, the following diagram commutes:

BV (K") == Pic"(B') —— Pic(B""")
Ju lﬂ
BY(K) =— Pic"(B) —— Pic(Br°T).

Proof. 1t is clear that the diagram upgrades to the respective Picard functors on Perfy =
Perfy,. A a first step, we claim that the following diagram commutes:

BY —= PiCB/ Ed PiCE,
P

! I

BY = Picp —— Picj .
P

To see this, we recall from [15, §5] that the top horizontal line factors through the diamantine
reduction map
BY B

and similarly for the bottom map. The commutativity then follows from the fact that
commutes with reductions to k& by construction.

Consider now the difference ¢ : B’V — Picpgpert between the morphism B’V — Picgper —
Picgperr and B"Y — BY — Picgperr. By comparing to Lemma 7.4, it follows that § factors
through a morphism

B" — Hom(T,B',G,,).

But any morphism B’V — G,, is trivial, hence § = 0. O
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7.2. Perfections of Raynaud extensions. As before, let A be an abeloid variety with
principal polarisation ¢ : A — AY. Let T - F — B and A = E/M and ¢ : MV — BY(K)
be the associated data. Let L be an ample line bundle on A corresponding to ¢ and let N
be any line bundle on B whose pullback to F identifies with that of L.

Our next goal is to lift the morphism 4 : B"Y — BY to Raynaud extensions. For this
we first need to identify the correct Raynaud extension of B’ which will be related to F via
tilting. We will find it by way of the following variant of Proposition 6.18:

Proposition 7.6. Let A : M — MV be a homomorphism such that the following diagram
commutes:

M —2 s MY
Lﬁ "
B(K) 2% BY(K).

Such a diagram is associated to the datum of L. Then after replacing M by a subgroup of
the same rank, we can find ¢ : M — B'(K®) and ¢’V : MV — B"Y(K") with ¢ =t o ¢' and
¢V =t o ¢’ making the following lift of this diagram commute:

M —2 s MV

b

BI(K*) X% BY(K?)[3).

—v
Moreover, we can arrange that ker ¢ = ker ¢'V.

Proof. We first choose any lifts ¢/ : M — B/(K°) and ¢’V : MY — B'Y(K”) along the
sharp maps. We then apply Lemma 6.19 with U(B’) := ker(B'(K”) — B(K) ® Q) and
U(B') := ker(B"V(K") — BY(K) ® Q), to find ¢’ and ¢’V making the diagram commute up
to torsion. After replacing M and MY by subgroups corresponding to an isogeny A” — A’
the diagram commutes. 0

The morphism ¢'V induces a Raynaud extension
0T —-E —-B =0
where T” is the analytic torus over K” with character group MY. We consider its perfection
0 — Teert y preert _y preert s
Lemma 7.7. There is a natural morphism
E/perf]i —~ Exg Bperf
which can be characterised as the pushout of E™*™ along the canonical map TPt — T.

Proof. The extension E'Pf is determined by its class in Ext!(BPef TPerf) which can be
described as the composition

MY 2L BY(K?) < Pie(BP).
The pushout of E'P*" along T"Pe** — T is thus computed by the composition
MY 25 BY(K?) < Pie(BP) % Pic(BPer),
By Lemma 7.5, this agrees with
MY 2 BY(K®) & BY(K) — Pic(BPO).

The statement now follows from the fact that ¢ = # o ¢’V by construction in Proposition 7.6.
O
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Let us denote
Eperf - Elperfﬁ
By construction, this is an extension

0 — TPert  grert _, grerf g
covering T'— F — B. We thus obtain a natural morphism
4. B0 = preet & peert g
By applying the Lemma to EV, we obtain an analogous morphism
t:EY = EY.
We can now obtain a generalisation of the diagram in Proposition 7.3 to Raynaud extensions:

Lemma 7.8. Let ¢ : E — EY and ¢’ : E' — E'V be the morphisms corresponding to the
diagrams in Proposition 7.6 via Theorem 6.4. Then the following diagram commutes

’
E/ ¥ El\/

Proof. By definition of the f-map, it suffices to prove that the following diagram commutes:

Elperf @’ El\/perf

L L

perf L ] Vvperf
XB E— X Bv

where the bottom row is over the natural map ¢y : BPf — BVPerf  To see this, it suffices to
compare pushouts along different morphisms TV — G,,, corresponding to elements m € M.
Let us denote by Pic’(BPf) the image of the natural map BY = Pic’(B) — Pic(Bref),
and similarly for BYP'f etc. Then it therefore suffices to prove that the following diagram
commutes:

M NV

I I

PiCO(B/Vperf) PN PiCO(B/perf)

I I

Pic®(BVrerty £X, picd(prert),

The bottom square commutes, this follows from Proposition 7.3 and Lemma 7.5 applied once
to B and once to BY. The top square commutes by Proposition 7.6. ]

7.3. Construction of A’: The undegenerated case. We continue with the previous setup:
Let L be an ample line bundle on A. Let N be a line bundle on B compatible with A and
A: M — MY and ¢ : E — EV be the induced morphisms, as before.

In the previous section, we constructed first an abelian variety B’ over K° and then a
Raynaud extension 77 — E’ — B’ which is related to F via tilting. As a final step, we now
lift M — E to a morphism M C E’ defining the desired abeloid A’. This is achieved by the
following, which simultaneously lifts a part of the polarisation data:
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Proposition 7.9. After replacing M by a sublattice of the same rank, there exists lifts M —
E' of M — B" and MV — E"V of MV — E'V(K) making the following diagram commute:

M —2 MV
J/h/ h/\/J/
h El ‘P, El\/ BY

o

E %2 Ev

and such that A’ := E'/M and E"Y /MY are dual abeloids over K* and ¢ is symmetric.

Proof. We apply Proposition 6.23 to the top diagram with E'(K) — F(K) ® Q playing the
role of “B(K) — E(K)” in the statement of the Proposition, and the subgroup

L:=ker(t: KX = K* Q) C K**.

This produces lifts A’ and h’V such that the diagram commutes up to torsion. Hence, after
replacing M by a sublattice, the diagram commutes.
That ¢’ is symmetric follows from [26, Proposition 6.4.1.(c)]. O

Lemma 7.10. In the situation of Proposition 7.9, the following diagram comutes:
AV (Kb) PiC(A/pcrf)

L I

AV(K) — Pic(APe)

Proof. This follows from Lemma 7.5 by comparing the Cartan-Leray sequence of EPef —
AP o that of E — A. O

We can now prove the Main result of this section:

Theorem 7.11. Let A be an abelian variety over K and let L be an ample line bundle on A.
Then there exists an abelian variety A’ with a pro-finite-étale q : APt .= APerft 5 A and
an ample line bundle L' on A" such that for the pullback map ¢ : AP — A’ and the untilt
map 1 : Pic(APe) — Pic(APe), we have

(¢"L)* =¢*L.
The induced polarisations make the following diagram of diamonds commute:

; _Pr’ AV

A
I
A AY.

Proof. We are free to replace A by an isogeneous abelian variety. Hence we can assume by
Lemma 7.2 that A admits a principal polarisation. By Theorem 6.9, this corresponds to a pair
(A: M — MY N € Picg) such that ¢y is a polarisation and the diagram in Proposition 7.6
commutes. By the conclusion of this Proposition and Proposition 7.9, we obtain an abelian
variety A’ over K° with a symmetric morphism

oA AV

making the desired diagram commute. It is clear from the construction of A’ that we have
natural morphisms AP — A and A’VPerft 5 AV making the diagram commute.

It remains to find L’. For this we note that by Theorem 6.9, the symmetric morphism ¢’
comes from some line bundle L"” on A’. By Theorem 6.31, we see that the difference between
(¢*L")* and L comes from a line bundle Ly € AV(K). By Lemma 7.10, we can lift this via f
to a line bundle LY, then L' := L” ® L " satisfies (¢"*L)f = ¢* L.
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It remains to see that L’ is ample, this will imply that A’ is an abelian variety. But we
can use the isomorphism (¢"*L)* 2 ¢*L to identify the pairings in [26, Theorem 6.4.4]. The
fact that the pairing is positive definite for L thus implies the same statement for L', which
implies that L’ is ample.

]

7.4. Example: The totally degenerate case. To illustrate the theorem, we now give a
more explicit exposition in the totally degenerate case. Hence we assume that £ =T and
A=T/M.

If K has characteristic p, the sequence 0 -+ M — T — A — 0 induces by functoriality of the
perfection a sequence

0— M — TP 5 gperf .

In characteristic 0, we have an analogous construction [find ref in [3]]: For any n € N, starting
with My = M, we inductively choose compatible lattices M,, C T that map isomorphically
onto M,,_; under [p] : T — T'. In the limit over n, we obtain a perfectoid tilde-limit

Aperf ~ I&H T/Mn
[p]

which by construction sits in an exact sequence
0 — M — TP — APt 0

where we denote TP := T

Proposition 7.12. Let M’ be the image of the map M — TP (K) 1N T'(K®). Then
A :=T'/M' is an abeloid variety and we have a natural morphism of diamonds

f: A — A

Any line bundle on A lifts to a line bundle on A'P") for some n large enough. In particular,
if A is an abelian variety, then A’ is an abelian variety, too.

Proof. Since the morphism K** — K* is compatible with valuations, the morphism TPerf(K) LN
T'(K®) commutes with the maps TP*f(K) — Hom(M,R) and T"**f(K”) — Hom(M,R).
Hence A’ = T'/M’ is an abeloid variety. The morphism # : A’ — A is induced by the
morphism #: 77 — T by considering short exact sequences.

It remains to see that we can tilt polarisations. For this we use:

Lemma 7.13. The following pullback map is trivial
Pic(APe) — Pic(TPe).

In contrast to the map Pic(A) — Pic(T'), this is not immediately clear since by Theo-
rem 4.17, the Picard group of TP is non-trivial.

Proof. We compare to the universal cover A which by [] admits a canonical analytic cover
M, x T'— A that fits into a diagram

M, x TP —— A
Tperf Aperf

Pullback along the top map is trivial, this follows from Theorem 6.25 by comparing to T" — A.
But the left vertical map is split. O

Proposition 7.14. Let A’ = T/M be a totally degenerated abeloid. Then
Pic(A®) = HY (M, O* (TP*™)).
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In particular, the natural morphism

lim Pic(A’) — Pic(APT)
F

is an isomorphism.

We note that this is in contrast to the case of good reduction, where this map is in general
neither injective nor surjective. This complements results of [15].

Proof. The statement thus follows from the Cartan-Leray sequence of TP — APt and
Lemma 7.13. U

Returning to the proof of Proposition 7.12, let L be an ample line bundle on T' correspond-
ing to a polarisation A — AY. Then via pullback, we obtain a line bundle on A’**'f. By
Proposition 7.14, this descends to a line bundle L’ on A’®") for some n. Since the associated
bilinear pairing

M x MY — K°%

is clearly related to the one of L via tilting, we see that L’ is ample. Hence A’(?") is an abelian

variety, which implies that so is A'. O
APPENDIX A. COMPUTATIONS IN GROUP COHOMOLOGY

This appendix collects some group cohomologies that we need for the computations of the

Picard group of universal covers of abeloids via descent from their analytic covers.

A.1l. Z™-actions: generalities. For the last part of the proof, we used the following lemmas
on group cohomology:

Lemma A.1. Let G be any abelian group, endowed with the trivial M -action. Then
H"(M,G) = A"Hom(M, G) = Hom(A"M, G).
If G is a ring, this identifies the cup product on the left with the wedge-product on the right.

Proof. For G = Z, this follows from the singular cohomology of the real torus
H*((M ®zR)/M,Z) = Az Hom(M,Z) = Hom(Az M, Z)

which identifies the cup product with the wedge product. Here to see the last isomorphism,
we note that the cup product induces a natural map

(27) Ny Hom(M,Z) — Hom(Ay M, Z)
(28> fl ARERIA fn H(ml ARREVAN 11 Z Sign(0>f1(mo(1)) ARSRNA fn(ma(n)))
oEX,

In terms of any basis M 2= 7", this sends e/ A...e} to (e; A---Ae;, )Y for any iy < -+ <y,
from which we immediately see that this is an isomorphism.

This proves the desired statement in the case of G = Z. Since the cohomology groups are
all free Z-modules, the general statement follows by universal coefficients. 0

The following lemma makes this explicit in terms of inhomogeneous cochains for n < 2:

Lemma A.2. Let C" := Map(M™,G) be the inhomogeneous cochains and write Z™ and B™
for the cocycles and coboundaries, so that H"(M,G) = Z"/B"~1. Then:
(1) Forn =1, we have B =0 and Z' = Hom(M,G) = H (M, G).
(2) For n = 2, we have Hom(M x M,G) C Z? and Hom(M x M,G)¥™ C B'. The
cohomology can then explicitly described by the short exact sequence
0 — Hom(M ® M, G)™™ — Hom(M ® M,G) 2 Hom(A2M, G) = HX(M,G) — 0

where A is given by sending f : M @ M — 7 to my A mg — f(my,ma) — f(ma,mq).
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Proof. The case of n =1 is clear from the transition map
9': CY(M,G) = C*(M,G), 8'(f)(m1,ma) = f(m1) + f(ma) — f(m1 + my).

For the case of n = 2, it suffices to consider the case G = Z; the general case follows by
applying — ®z G since all appearing modules are free.

We first note that the described short exact sequence is indeed exact: Left-exactness is
clear. To see right-exactness, we identify the middle term with M, (Z), the first term with
symmetric matrices, and the third term with matrices which are anti-symmetric. It is then
clear on elementary matrices that A is surjective.

That Hom(M ® M,Z) C Z? follows from 02 : C?(M,Z) — C3(M,Z) being

O*(f)(m1,ma, m3) = f(ma,m3) — f(m1 +ma,ms) + f(m1,ma +ms) — f(mi,ma),

which vanishes whenever f : M x M — Z is bilinear. Since the cup product sends Hom(M,Z) C
CY(M,Z) into Hom(M @ M,Z) C C%(M,Z), it follows from Lemma A.1 that the image of
Hom(M ® M, 7Z) generates H?(M,7Z).

It therefore remains to prove that f : M x M — Z is in B! if and only if f is symmetric.
Since we will want to use this calculation later in a slightly different setup, we make this a
lemma on its own. O

The following lemma finishes the proof.

Lemma A.3. Let G be any abelian group. Then a bilinear function f : M x M — G is
symmetric if and only if there is a map v : M — G such that for all my,mqo € M:

—r(my +ma) +r(m1) + r(ma) = f(mq1, ma).

Proof. 1t is clear that existence of r implies symmetry. To see the converse, let us choose a
basis eq,..., e, of M. We then define a function r : M — G

r(m) = —3(flm,m) =Y e (m)f(ei e)).
i=1

T

— Z aiajf(ei,Ej)+ZMf(ei,ei)~

— . 2
1<i<j<r =1
Since the second summand in the first line is linear, we then have
r(my)+r(ma)—r(mi+me) = 3 f(mi+me, mi+ms)—1 f(mi,m1)—1 f(ma, ma) = f(my,ms),
where we have used in the second step that f is bilinear and symmetric. O

Lemma A.4. Let N C M be a split submodule. Then the image of Hom(M ® (M/N),G)
under A from Lemma A.2 are precisely those N>°M — G that vanish on N>2N C A2M.

Proof. This follows from the natural isomorphism
A2(M/N) x (N ® M/N) = A2M/ A® N.
Namely, choose any splitting M = N & M /N, we have
Hom(M ® (M/N),G) = Hom(M/N ® M/N,G) @ Hom(N ® M/N,G).

Now sending f +— (my, ma + f(my, ma)— f(ma, my)) sends the first summand onto Hom(A2(M/N), G)
by Lemma A.2. O
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