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ABsTRACT. For any rigid space over a perfectoid extension of Q, that admits a liftable smooth
formal model, we construct an isomorphism between the moduli stacks of Hitchin-small Higgs
bundles and Hitchin-small v-vector bundles. This constitutes a moduli-theoretic improvement
of the small p-adic Simpson correspondence of Faltings, Abbes—Gros, Tsuji and Wang. Our
construction is based on the Hodge-Tate stack of Bhatt—Lurie. We also prove an analogous
correspondence in the arithmetic setting of rigid spaces of good reduction over p-adic fields.

1. INTRODUCTION

1.1. The p-adic Simpson correspondence. Let K be a complete algebraically closed extension
of @,. Let X be a smooth rigid space over K. Let X, be the v-site of X as defined in [24].
Reinterpreted in terms of Scholze’s perfectoid foundations for p-adic Hodge theory, the p-adic
Simpson correspondence, pioneered independently by Deninger—Werner [8] and Faltings [9], aims
to relate the category of vector bundles on X, to the category of Higgs bundles on X'. Here v-vector
bundles replace Faltings’ “generalised representations” in the rigid analytic setting.

More precisely, the p-adic Simpson correspondence comes in two different flavours: When X is
assumed to be proper, there exists an equivalence of categories, depending on certain choices,

(1) {Higgs bundles on X'} = {v-vector bundles on X'}.

Faltings constructed this for curves in [9], and the general case has recently been shown in [15].
Second, there is also a p-adic Simpson correspondence for not necessarily proper X', but for this
one needs to restrict to “small” objects on either side. Here a v-vector bundle, respectively a Higgs
bundle, is called “small” if it locally admits an integral model whose reduction is trivial modulo p®
for a certain « € R (see Definition 3.1 for a precise definition). This is inherently a statement about
integral structures, and we therefore need to make additional assumptions on integral models: If X
is any rigid space of good reduction, Wang [30] has shown that there is an equivalence of categories

(2) {small Higgs bundles on X'} =% {small v-vector bundles on X'}.

Wang’s functor is based on an earlier construction of Liu-Zhu [18]. The first instance of such a
“small” p-adic Simpson correspondence had previously been constructed by Faltings [9] for semi-
stable p-adic schemes, then further developed by Abbes—Gros and Tsuji [1]. We note that Faltings
used a version of (2) to deduce (1). But we now think of (1) and (2) as two logically independent
statements which are both of interest in their own right, as they apply in different situations.

We refer to the appendix for an overview of various instances of p-adic Simpson correspondences.

1.2. The small p-adic Simpson correspondence in terms of moduli spaces. The first goal
of this article is to use our approach via Hodge-Tate stacks from [3] to construct a new relative
version of the small p-adic Simpson correspondence that improves (2) in various ways (see §1.4.1).
We use this to realise the small p-adic Simpson correspondence as an isomorphism of moduli spaces:

Theorem 1.1 (Corollary 3.25). Let K be any perfectoid field over Q, and let X be a smooth
formal scheme over O . Let X be the adic generic fibre of X. Let n € N. Then any lift X of X
to Ay := W(Og»)/(ker 0)? induces an equivalence of small v-stacks

Sy Higgsi ™™ =5 vBunim
between the stacks of Hitchin-small Higgs bundles, respectively v-vector bundles, of rank n on X.

In fact, we allow lifts of X to larger rings As(z) C BJ /€2 at the expense of a stronger smallness
condition. This has the advantage that A, (z)-lifts always exist for example when X is proper.
We now explain the statement of Theorem 1.1 in more detail: Recently, [14] has introduced
analytic moduli spaces for both sides of the p-adic Simpson correspondence. Namely, working in
1
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the setting of Scholze’s v-stacks [24], for n € N, we define functors
Higgs,, : Perf g — Groupoids, S — {Higgs bundles on X x S of rank n},
vBun,, : Perf x — Groupoids, S — {v-vector bundles on X x S of rank n}.

These are small v-stacks on the categories of analytic affinoid perfectoid spaces S over K [14,
Thm 7.18]. They are equipped with natural Hitchin fibrations: Indeed, there are natural morphisms

Higgs, —— Ay, A vABuny,
of small v-stacks. Here A,, is the Hitchin base of rank n, which is the v-sheaf defined by

A, : Perfg — Sets, S+ @ HO(X x S,Sym*(QL(~1))).
k=1
We can now explain our notion of “smallness” We first define the Hitchin-small locus AE'S“‘ CcA,
n
AHsm s Perf e o Sets, S = Spa(R,RY) — @ p<7 1 - HO(X x Spf(RT), Sym* (4 {—1})).
k=1
Here p<#7 := {zr € Ok s.t. |z| < |p\P%1} and {—1} is a Breuil-Kisin-Fargues twist (see below).
If X is proper, then A, is represented by an affine rigid group, and AX*™ is then represented
by an open subgroup of A4,,. For general X, they still make sense as v-sheaves.
We now define a Higgs bundle on X x S to be Hitchin-small if its image under the Hitchin
fibration H lands in A*™(S), and similarly for v-vector bundles. We thus set

Higgs™ .= Higgs, x4, AT vBunM = v Bun,, x 4, AT,

This explains the objects appearing in Theorem 1.1. We will moreover show that the equivalence
S5 from Theorem 1.1 commutes with the Hitchin fibrations on both sides.

1.3. The small p-adic Simpson correspondence in the relative case. To construct the
isomorphism Sg, we can in fact work in a more general setting: Let X be any p-adic formal
scheme that is smooth over a perfectoid p-adic formal scheme Spf(R). Let Q% := Qﬁ(l r be the
sheaf of p-completed Kéhler differentials. Let (A, T) be the perfect prism associated with R, i.e.,
A/I = R. For any R-module M, we denote by M{1} the Breuil-Kisin-Fargues twist M ®@p I /1%
As usual, one also defines M{—1} := M ®p Hom(R{1}, R). Let X be the adic generic fibre of X.
There is in this setting a good notion of Higgs bundles on X defined using the sheaf QL {—1}. In
[3], we have used the HodgeTate stack X" Tof Bhatt-Lurie [5] to construct a fully faithful functor

S ¢ : {Hitchin-small Higgs bundles on X'} — {v-vector bundles on X'},
natural in X. The remaining work towards Theorem 1.1 lies in describing the essential image:

Theorem 1.2 (Theorem 3.20). The essential image of S 5 is given by the category of Hitchin-small
v-vector bundles, i.e. we have an equivalence of categories, natural in X,

) { Hitchin-small } ~ { Hitchin-small }
X .

Higgs modules on X v-vector bundles on X

This implies Theorem 1.1. We note that the derived construction of [3] immediately shows that
S ¢ also identifies v-cohomology on the right with Dolbeault cohomology on the left.

As an easy special case of Theorem 1.2, we can deduce the first non-trivial example of an
isomorphism between the full moduli stacks, namely when X =P~ for some m € N:

Corollary 1.3. Let X =Pg,_, then for any n € N, there is a canonical equivalence of v-stacks
S : Higgs,, — vBun,,.

This is a non-trivial statement as there are Higgs bundles with non-vanishing Higgs field on
Pg,. . But we caution that we cannot expect to have such an equivalence for general X, see below.

1.4. Relation to other works on the p-adic Simpson correspondence.

1. Theorem 1.2 is a generalisation of Wang’s small p-adic Simpson correspondence (2), which
is the main result of [30]. Our result is more general in four different ways:
(a) We work in a relative situation of smooth families over a perfectoid base.
(b) Our notion of smallness is more general. For example, it also encompasses the local
systems treated by Liu-Zhu [18], at least when X has good reduction.
(c) We allow a more general class of lifts of X to subrings of B(J{R /&2, For example, this
means that we can remove the “liftable” condition of [30] for proper X.
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(d) We prove a more general functoriality statement by explaining Faltings’ notion of
“twisted pullback” in terms of the Hodge—Tate stack in §4.
While the strategies are different, Wang’s functor can be compared to ours, see [3, §7].

2. When R = Ok and K is the completion of an algebraic closure of a discretely valued
extension of Q, with perfect residue field, then Theorem 1.2 is closely related to the
global p-adic Simpson correspondence for small objects of Faltings [9], hence also to the
constructions by Abbes—Gros and Tsuji [1][29] which it inspired (up to different technical
foundations, e.g. these authors work in an algebraic setup, whereas we work in the rigid
analytic setting). While there are some conceptual similarities in this case, especially to
Tsuji’s construction (we refer to [3, §1.6] for more details on these), a key new idea is to
use the Hitchin fibration H to describe the essential image in v-vector bundles.

We note that the above works can more generally deal with semi-stable X. The reason
we restrict our attention to smooth X is that the geometry of the Hodge—Tate stack is
currently only understood in this case.

3. Faltings also proves a third instance of a p-adic Simpson correspondence, induced by a
toric chart. This “local p-adic Simpson correspondence” is more basic than (2) in that it
imposes further conditions on X, e.g. it has to be affine. But it can in fact deal with a
stronger smallness condition than the global correspondence. In §3.1, we give a comparison
of Theorem 1.2 to the local correspondence in the case when X is toric.

4. To understand our “Hitchin smallness” condition, it is helpful to consider the case of rank
n = 1: Following [13], the correspondence (2) is then explained by the left-exact sequence

0 — Picg (X) = Pic,(X) 1% HO(X, QY(~1))

If X is proper, this is right-exact, and a splitting yields (1). But for general X, it is no longer
right-exact, only split over an integral sublattice of H?(X,Q!(—1)), see [13, §5]. This is
reflected by our notion of Hitchin-smallness: HTlog is the K-points of the Hitchin fibration
H for n = 1. Using this, one can see at the example of elliptic curves with supersingular
reduction that the condition on Hitchin-smallness is optimal in general. We therefore think
of Theorem 1.2 as being “optimal” except for the good reduction assumption.

5. The isomorphism of small moduli spaces Theorem 1.1 has previously only been constructed
in two special cases: In [14], there is a relative version of the “local correspondence” (see 3.)
in terms of toric charts. Second, the case of Theorem 1.1 of rank n = 1 has been treated
in [12]. This case also shows that in the setup of (1), it is no longer true that the moduli
spaces #iggs,, and vAun, , are isomorphic if one drops the smallness condition. Instead,
one can hope for a comparison up to a twist by a certain moduli space of exponentials. In
[16], such a “twisted isomorphism of moduli stacks” between #%iggs,, and vABun, , will be
constructed in higher rank when X" is a smooth projective curve. From this perspective,
the geometric situation for the moduli spaces in the small case (2) is in some sense better
than that in the proper case (1), as we can obtain an actual equivalence of moduli spaces.

1.5. The arithmetic case. The second topic of this article is a new description of v-vector bundles
in an arithmetic setup: Let now X be a smooth p-adic formal scheme over the ring of integers O
of a p-adic field K. Let C be the completion of an algebraic closure of K. Choose a uniformizer
m € Ok and let E be its characteristic polynomial over the maximal unramified subfield of K. Let
e := E'(m), then the different ideal of Ok is do, |z, = (e). Let & be the adic generic fibre of X.
In this setting, Min—-Wang have constructed a fully faithful functor [21, Fg in Thm 1.1]

Sr: {Hitchin-small Higgs—Sen modules on X'} < {v-vector bundles on X'}

which we have reinterpreted in [3] in terms of the Hodge-Tate stack X"T of X. Here we define:

Definition 1.4. A Higgs—Sen bundle (called an “enhanced Higgs bundle” in [21]) on X is a triple
(N, 0y, dnN) consisting of

(1) a vector bundle N on X,

(2) a topologically nilpotent Higgs field 5 : N - N ®o,, Q%(u({_l}v

(3) an Oy-linear endomorphism ¢x: N — N making the following diagram commute:

N % N ®o, {1}

d)]{ ld)N@lfe-id

N % N @o, {1}

A Higgs-Sen bundle (N, 0y, ¢n) is called Hitchin-small if the eigenvalues of ¢ are in Z+e~ ! -mz.



4 J. ANSCHUTZ, B. HEUER, A.-C. LE BRAS

The {—1} indicates the Breuil-Kisin twist by the invertible Og-module Ox{—1} defined as the
pullback along Spf(Ox) — Spf(Ox )" of the natural bundle Ogpe(o,yur{—1} from [4, Exam-
ple 3.5.2]. We can always use our chosen uniformiser 7 € O to trivialise this twist and thus
ignore {—1} in the above. But it is better to keep it, for example to explain the naturality in K.
In particular, it has a non-trivial effect on the Galois action when passing to extensions of K.

The second main result of this article is a description of the essential image of S,.. For this we
use that v-vector bundles on Spa(K) are equivalent to semi-linear p-adic Galois representations of
Gal(C|K) on finite dimensional C-vector spaces. Thus v-vector bundles on X' can be interpreted
as rigid analytic families of p-adic Galois representations. Taking this perspective, we define:

Definition 1.5. A v-vector bundle V on X is called Hitchin-small if for every point Spa(L) — X
valued in a finite extension L| K, the Galois representation V, is “nearly Hodge-Tate” in the sense

of Gao [11], i.e. the Hodge-Tate—Sen weights of V, are in Z + 661/% My

Theorem 1.6 (Theorem 5.17). (1) The essential image of the functor Sp is given by the
Hitchin-small v-vector bundles, i.e. we have an equivalence of categories, natural in X,
) Hitchin-small ~ Hitchin-small
™| Higgs—Sen bundles on X v-vector bundles on X |

(2) Every v-vector bundle on X becomes Hitchin-small after a finite extension of K.

By analogy to §1.2, the name “Hitchin-small” is motivated by the idea that the map
{Higgs—Sen bundles on X of rank n} — A™(X), (N,0n,én) — x(),

sending a Higgs—Sen bundle to the coeflicients of the characteristic polynomial of the Sen operator,
is the correct analogue of the Hitchin fibration in the arithmetic setting. Then a Higgs—Sen module
on X is Hitchin-small if and only if it is sent into a certain integral sublattice of A™(X) = O(X)™.
We note that the condition (3) in Definition 1.4 forces 6y to be nilpotent, so that the usual Hitchin
fibration in terms of @y is trivial. In other words, only ¢y has non-trivial spectral information.

In [3], we had constructed S, using a canonical pullback morphism Bun (X7, O[%]) — Bun(X,).
Using [3, Thm 6.37|, we can now deduce from Theorem 1.6.(1) that its essential image consists
precisely of the Hitchin-small objects. From Theorem 1.6.(2) we therefore now obtain:

Corollary 1.7. There is an equivalence of categories
2-lim,  Bun((XE?/Gal(L|K)], O[L]) - Bun(X,)

1
P
where L|K runs through the finite Galois extensions of K inside K.

Conceptually, this means that we can think of the inverse limit of [X§T/Gal(L|K)] over L|K
as being a geometric object whose analytic vector bundles correspond to v-vector bundles on X'.

1.6. Relation to other works in the arithmetic case.

(1) The first p-adic Simpson functor in the arithmetic situation has been constructed by Tsuji
[29, §15]: In an algebraic setting of certain log schemes over O, Tsuji constructs a fully
faithful functor which (reinterpreted in the perfectoid language of this article) goes from
v-vector bundles V on X to Gal(C|K)-equivariant nilpotent Higgs bundles on Xo [29,
Thm 15.1]. We give a rigid-analytic variant of this construction as an intermediate step
towards Theorem 1.6. Namely, S (V) can be described by forming the morphism of Sen
modules associated to the Galois action on the Higgs field. From this perspective, the main
differences to our work in this case are that we deal more generally with the rigid-analytic
setting (albeit with a good reduction assumption), and the description of the essential
image of S in terms of Hitchin-smallness is a new contribution.

(2) In the rigid analytic setting, the functor S, has previously been described by Min—Wang
[21], but they left open the description of the essential image [21, Remark 7.25]. Their
approach via prismatic crystals is closely related to earlier work of Tian [28].

(3) When L is a Zp-local system on X, then V =L ® O is a v-vector bundle on X. In this
special case, the functor S, is closely related to the well-known p-adic Simpson functor of
Liu—Zhu [18, §2] (here the setup is slightly different: there is no good reduction assumption,
but X has an arithmetic model). More precisely, the base-change to X of the underlying
Higgs bundle of S-1(V) is the nilpotent Higgs bundle associated to L by Liu-Zhu.

(4) Inspired by the work of Liu-Zhu, the Sen operator associated to IL in this rigid analytic
setting has recently been constructed by Shimizu [26, §2] and Petrov [22, §3].

From this perspective, (up to technical differences in the setups) we generalize these
functors from Z,-local systems to arbitrary v-vector bundles, leading to an equivalence.
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(5) In the special case of X = Spf(Ok), Theorem 1.6 is a statement about Sen theory [25]:
Higgs—Sen modules are then precisely the classical Sen modules. In this case, the ap-
proach via prismatic crystals has previously been studied by Min-Wang [19] and Gao
[11, Thm 1.1.5], who was the first to describe the essential image of prismatic crystals in
v-vector bundles on Spa(K), in terms of the “nearly Hodge-Tate” condition. In [2], we
studied the case of X = Spf(Of) via X"T, and Corollary 1.7 generalises [2, Thm 1.2].

From this perspective, we can regard our results in the arithmetic case as a generalisation
of these results for Spa(Ok) to analytic families of semi-linear Gal(C|K)-representations.

To the best of our knowledge, beyond the base case X = Spf(Ok), Theorem 1.6 is the first
instance of a p-adic Simpson correspondence in the arithmetic setting over K, relating v-vector
bundles to purely linear algebraic data in terms of an equivalence of categories.
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Rodriguez Camargo, Peter Scholze, Yupeng Wang, Annette Werner, Matti Wiirthen and Bogdan
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Notations. We will use the following notations.

(1) pis a prime.

(2) Let ZY := Zy[(pe]y and QP := Z;yd[%] the cyclotomic perfectoid field. We fix a
primitive p-th root of unity ¢, € Zgyd and write w = (¢, —1)7' € Q;yd.

(3) If Ry — R is a morphism of p-complete rings, we will denote by Q}%I R, the p-completion
of the module of differential forms of R over Ry. This construction glues to define, for any
morphism X — X of p-adic formal schemes, the sheaf Qﬁq Xo of p-completed differential
forms of X over Xy. Its Ox-linear dual, the tangent sheaf, is denoted by T'x|x,. The same
notation will be used for adic spaces.

(4) If X is a p-adic formal scheme, we denote by X (resp. X"T) the Cartier—Witt stack of X
(resp. the Hodge—Tate locus in the Cartier—Witt stack of X, or simply Hodge-Tate stack
of X), which is denoted WCartx (resp. WCart") in [5, Definition 3.1, Construction 3.7]).

2. RECOLLECTIONS ON p-ADIC SIMPSON FUNCTORS VIA THE HODGE-TATE STACK

This article is based on our earlier work [3] about the geometry of the Hodge-Tate stack of
Bhatt—Lurie [4][5]. However, we will not need to analyse the Hodge-Tate stack in this work:
Instead, we only rely on the resulting constructions of [3], which we shall now recall.

We begin by making precise the two different technical setups:

Setup 2.1 (geometric Setup). Let S be a p-torsionfree p-adic perfectoid ring. We assume that S
contains a p-th unit root ¢,. Let (A, I) be the perfect prism associated to S. We set Ay := A/I?.
Let X be a p-adic formal scheme that is smooth over S. We denote by X the adic generic fibre
of X, an analytic adic space over the affinoid perfectoid space Spa(S [%], S).
We note that X is a sheafy analytic adic space. Indeed, it is a smoothoid adic space in the sense
of [14, §2], and we refer to there for some basic technical properties, especially [14, Lemma 2.6].

Setup 2.2 (arithmetic Setup). Let K be a p-adic field, by this we mean a discretely valued non-
archimedean field extension of @, with perfect residue field. Let O be the ring of integers and
fix a uniformiser 7. Let C' be the completion of an algebraic closure of K.

Let X be a p-adic formal scheme that is smooth over Spf(Of). Let X be its adic generic fibre.

We note that we can pass from Setup 2.2 to Setup 2.1 by sending X to the base-change X, .

The central object of [3] which we use to organise the p-adic Simpson correspondence is the
Hodge—Tate stack of Bhatt—Lurie [5, Construction 3.7]: Given any bounded p-adic formal scheme
X, this is a functor XH7T fibred in groupoids on the category of p-nilpotent rings, defined in terms
of “generalized Cartier—Witt divisors”. Instead of recalling the precise definition, which we will
never need in this article, we now instead recall the key properties of X! which we used in [3] in
order to define p-adic Simpson functors:

The functor XHT is a stack for the fpgc-topology on p-nilpotent rings, and the association
X — XHT is functorial. There is a canonical morphism XHT — X which is natural in X. When
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X is perfectoid, this map is an isomorphism. In [3, Thm 1.2], we used this to show that there is a
canonical functor

o’y :’Perf(XHT,O[ ) = Perf(X,)

1

P
from the category of perfect complexes over the rational structure sheaf O[%] =0®z, Q,on X HT
to perfect complexes on X,,. (In fact, in [3] there is for technical reasons a running assumption that
X is qcgs, but the general case follows immediately from gluing, by naturality.) When X is as in
Setup 2.1 or Setup 2.2, we showed that this functor is fully faithful [3, Thm 1.2]. In particular, it

restricts to a fully faithful functor
(3) o’ : Bun(XHT, (’)[%]) — Bun(X,).
Here and in the following, for any ringed site (C,0), we denote by Bun(C, Q) the category of

locally free O-modules of finite rank on C, and we drop O if it is clear from the context. Thus
Bun(X,) = Bun(X,, Ox,) is the category of v-vector bundles on X.

2.1. The local p-adic Simpson functor in the geometric setup. Let now X and S be as in
Setup 2.1. Then the natural map X" — X is a gerbe banded by T)ﬁ({l}: Here Tx{1} — X is the
tangent bundle of X twisted by a Breuil-Kisin twist — ®4,; I/I?, and T)ﬁ({l} — X is the formal
group scheme defined as the PD-completion of Tx{1} at the identity section. Assume now first
that there exists a splitting

s: X — XHT,

Such a splitting s is induced by the datum of a prismatic lift of X. For example, we will explain in
§3.1 that a prismatic lift and hence a splitting is induced by a toric chart for X, which also appears
in Faltings’ local p-adic Simpson correspondence. More generally, it is given by the datum of any
such splitting induces an isomorphism

X" >~ prt {1}

where the right hand side denotes the classifying stack of T)ﬁ({l}. By an easier special case of [3,
Thm 1.3], pullback along the natural map X — BT )ﬁ({l} induces an equivalence of categories

(@) By - Bun(BTg({l}) ~, { Higgs bundles (M, 0) on X s.t. }

0 is topologically nilpotent

Let us recall the construction of ®x from [3, Thm 6.3, Remark 6.2]: The pullback of a vector
bundle along X — BT)ﬁ({l} is given by a vector bundle with a Tg({l}—action. On the level of
Ox-modules, this corresponds to an Ox-module M together with a co-action

(5) M — M ® O(TL{1}).
Let Q := Qﬁq g1—1}, then via Cartier duality, [3, Lemma 6.4, this map corresponds to a morphism
S/yrn\B((QV) @M — M

where the first term on the right is the completion of Sym$% ((ZV) at the ideal spanned by QY. The

Higgs field is now given by the Ox-linear dual of the induced map QY@M — M.
All in all, we thus obtain a commutative diagram of fully faithful functors

*

 Bun(x"T,0[4))

Bun(z’\,’v) :/ p-adic Simpson

Bs
> {Higgs bundles on X }

where [, is defined as the pullback along the isomorphism BT)ﬁ({l} = XHT induced by s, followed
by ®x. By the above description of the essential image of 35, this defines a fully faithful functor

Higgs bundles (M, 0) on X s.t.
LS, :

0 is topologically nilpotent } = Bun(&,).

This is the local p-adic Simpson functor induced by a splitting of the Hodge—Tate stack (see [3,
Thm 6.29] for more details). Our first goal in this article in §3.1 below will be to compare this to
Faltings’ local correspondence in terms of toric charts.
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2.2. The global p-adic Simpson functor in the geometric setup. Splittings of XHT — X
only exist locally, and one can show that XH7T is rarely split as a gerbe when X is for example
proper. Inspired by the work of Faltings [9], Abbes—Gros and Tsuji [1], we therefore globalise the
construction by comparing XH7T to the stack

Lty - X

of square-zero lifts of X defined in [3, Definition 7.5]. Like for X"T we won’t need the precise
definition of Lftx in this article. Instead, let us therefore only recall its key properties: The
morphism Lftx — X is natural in X, and it is a gerbe banded by the relative formal group scheme
Tx{1}. This stack is split by the datum of an A,-lift X of X.

More generally, it is more useful in practice to also allow a weaker datum of lifts, at the expense
of a stronger convergence condition: Let z € S[%] be such that S C x5 and let S{1} C S{l}[%]
be the image of x- : S{1} — S’{l}[%}, then we define a square-zero thickening

0— xS{1} - As(z) = S —0

as the pushout of S{1} — Ay — S along S{1} — xS{1} (cf [3, Definition 7.1]). Then in [3, §7.2]
we more generally consider a stack

Eftx,a; — X

which is now a gerbe banded by 2Tx {1}, and the gerbe is split by the datum of an Ay(x)-lift X
of X, called an x-lift. More precisely, any such z-lift X induces a section

pg X — Litx .

The point of this generalisation to x-lifts is that in contrast to prismatic lifts or Ao-lifts, such z-lifts
typically also exists in global situations, e.g. for any proper smooth X.

Let now = € S[%] be as before, set w := (1—(,)~! and let 0 # 2 € S be such that z € S[%]X and
wzxz € S. The standard setting is # = 1 and z = (,—1, but it is beneficial to allow greater generality.
Towards the global p-adic Simpson functor, the crucial point is now that by [3, Proposition 7.8],

there are canonical and functorial morphisms of fpqc-stacks on p-nilpotent rings
XHT 5 Lftx , — 2. X

where 2, X'T is the pushout of the gerbe X" — X along the multiplication z : T)ﬁ({l} — T)ﬂ({l}.
Moreover, by [3, Definition 7.9] there is a constant u € /s (conjecturally, u = 1) such that these
morphisms are linear over

TE{1) 20 o Ty (1) 25 T (1),
It follows from this that the stack 2z, X"T is a pushout of Lftx ., and is thus also split by the
datum of an Ay (z)-lift X. In particular, the datum of such a lift X induces an isomorphism

dg 2 X" = BTL{1}).

Exactly like before, we can now use ® ; to obtain first a diagram of fully faithful functors

. Bun(=XWTO[)
(6) ok — 5

Bun(X,) < pradic Stmpson » {Higgs bundles on X'}.

In a second step, like in the local case discussed in §2.1, we deduce from the description of the
essential image of S a fully faithful functor (see [3, Thm 7.13|)

S. - { Higgs bundles (M, ) on X s.t.
X,z *

%9 is topologically nilpotent } = Bun(X,).

This functor can be computed using a period sheaf B ¢ that arises from the geometry of the Hodge-
Tate stack: For simplicity, let 2 = 1 and z = (, — 1, then there is a Higgs module (B¢, 05 ) on X,
(see [3, Definition 17.7] for the precise definition) such that for any Higgs bundle (M, 0) on X with
topologically nilpotent %9, the associated v-vector bundle is described as follows: Let v : X, = Xan
be the natural map, then
. @B)—( ®RId+I1d®06 s . rl

(7) S¢(M,0) Zker(Bg ®0, VM —————— B Qo V"M ®@0, V" Q{—1})
is naturally isomorphic. Since B can be described explicitly, this gives a way to compute S ;.

The first main goal of this article is to describe the essential image of S ¢, leading to Theorem 1.2.
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2.3. The local p-adic Simpson functor in the arithmetic setup. Let now X be a smooth
formal scheme over O as in Setup 2.2. We recall some results from [3, §6.4], specialised to the
case of vector bundles: In the arithmetic setup, the Hodge Tate stack XHT — X is a gerbe banded
by a group scheme G — X that can be described as follows: It is a semi-direct product

O—>T§({1}—>G—>H—>O

where H = G* or H = G% depending on whether K is absolutely unramified or not. Here for any
p-adic formal group over X, we denote by —F the PD-completion at the identity section. If there
is a global splitting X — XHT it follows that this splitting induces an isomorphism

XHT ~ B@.

The motivation for Definition 1.4 is now that the category of Higgs—Sen modules on &’ is canonically
equivalent to the category of finite locally free (’)[%]-modules on BG: Roughly speaking, the Higgs
field @ comes from the normal subgroup T)ﬁ({l}, the Sen operator ¢ comes from the subgroup H,
and the compatibility between 6 and ¢ reflects the semi-direct product structure. In particular,

exactly as in the geometric case, any such local splitting induces a natural fully faithful functor

Sr : {Hitchin-small Higgs—Sen bundles on X'} < Bun(&,).

2.4. The global p-adic Simpson functor in the arithmetic setup. Finally, there is (only
in the arithmetic case!) a canonical way to glue the local p-adic Simpson functors to a global
correspondence which only depends on the choice of uniformiser 7 of Ok . We recall the main ideas
and refer to [3, §7.4] for details: The construction is achieved by combining the local functors with
the geometric p-adic Simpson functor of Xy, from §2.2, using the canonical isomorphism

ng‘ = XHT XSpf(OK)HT Spf(OC)

Here we can employ the p-adic Simpson correspondence of Setup 2.1 applied to Xp,: If K is

unramified, then there is a natural map Ox — Ay which we can use to give a canonical lift Xo of

Xo to As. The p-adic Simpson correspondence S %o, over Oc is then naturally compatible with
C

the functor S in the arithmetic setting via the functor that sends a Higgs—Sen bundle (N, 8, ¢) to
the base-change (Fo,, 00, ) of the underlying Higgs bundle.

In general, when K is allowed to be ramified, there is only a map O — As(x). This was one
motivation to develop the global correspondence of §2.2 for “x-lifts” of X to As(x). This allows
us to still obtain a canonical small p-adic Simpson correspondence for Xp, as in §2.2. Similar to
Min-Wang’s result [21, Thm 6.4], we arrive at a fully faithful global arithmetic p-adic Simpson
functor

Sy : {Hitchin-small Higgs—Sen bundles on X'} < Bun(X,)

by Galois descent from the geometric case. The second main goal of this article is to describe the
essential image of this functor in §5.

3. ESSENTIAL IMAGE: GEOMETRIC CASE

Throughout this section, we work in the geometric setting of Setup 2.1, so S is a perfectoid
formal scheme and X — S is smooth morphism. Let X — S;‘;d be its adic generic fibre.

3.1. Explicit description of S in terms of toric charts. We begin by comparing the functor
S from §2.2 to the local correspondence LSY of Faltings [9] defined in terms of a toric chart c:
This was constructed in [9, p849] for smooth formal schemes® over Oc. We here use the smoothoid
generalisation from [14], which we now recall. We begin by defining global notions of smallness.
Throughout this subsection, we assume that S contains Zgyd. For any a € p—ilZ[%bm we then

denote by p® any element in Z;yd whose absolute value is equal to |p|®.

Definition 3.1. (1) A Higgs bundle (M, 0,) on X is called Faltings-small if Zariski-locally
on X, there exists a finite free integral model 91 of M on X such that 6,; restrict to a

Higgs field fon : 9 — M @ Q% (—1) which is trivial modulo p?® for some a > Iﬁ. We

denote the category of Faltings-small Higgs bundles on X by Higgs™ ™ (X ).

(2) A v-vector bundle V on X is called Faltings-small if Zariski-locally on X, it admits a

reduction of structure group to 1 + pQ“Mn((’);U) C GL,(Oy,) for some a > p—il. We

denote the category of Faltings—small v-vector bundles on X’ by BunF'Sm(XU).

More precisely, in [9] Faltings works in an algebraic setting, but the construction generalises verbatim to the
setting of formal schemes. Moreover, [9] works in a more general setting of semi-stable schemes.
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Definition 3.2. Let z € SN S[%]X. If X is a rigid space, i.e. if S[%] is a perfectoid field, then a
Higgs bundle (M, 0y;) on X is called z-Hitchin-small if for any ¢ € %Q}Q{l}, the endomorphism
6oy : M — M is topologically nilpotent with respect to the canonical topological structure on
the coherent O y-module End(M). For general perfectoid bases S, a Higgs bundle (M, 05) is called
z-Hitchin-small if for any geometric point ¢ : Spa(C,CT) — Spa(S[%], S), the pullback of (M, 8xr)
to the rigid space X X Spa(S[1],5) Spa(C,C*) — X is z-Hitchin-small. We denote by Higgs® ™ ()
the category of z-Hitchin-small Higgs bundles on X. When we simply say “Hitchin small” without
specifying z, this refers to the case of z = (1 — ().

Remark 3.3. Note that in comparison to §2.2, the factor in Definition 3.1 is p?® rather than p®.
The reason for this difference is essentially the difference between the Breuil-Kisin—Fargues twist
QL {—1} and the Tate twist Q% (—1). If we used a Tate twist (—1) instead of {—1} in §2.2, it
would also be the same factor by p>*. One reason why we use {—1} in §2.2 is that this makes
sense over any perfectoid base, whereas (—1) is only defined when Zgyd is contained in S.

It is clear that this definition of Hitchin-smallness is equivalent to the more geometric definition
in §1.2 in terms of the Hitchin fibration, whence the name. Moreover, we clearly have:

Lemma 3.4. Any Fualtings-small Higgs bundle is automatically Hitchin-small.

We now recall the statement of the local p-adic Simpson correspondence in the smoothoid
setting. For this we furthermore need the following definition:

Definition 3.5. A toric chart is an affine étale morphism of formal schemes
c: X - T¢

for some d € N, where ']I“é is the d-dimensional affine formal torus over Spf(S). We call a p-adic
formal scheme X over S smoothoid if Zariski-locally, it admits a toric chart.

Throughout this subsection, we assume that X is a smoothoid formal scheme over S and that
X admits a toric chart ¢ : X — ']I“é. For any n € N, we denote by X,, — X the pullback of the
map [p"] : T4 — T¢ along ¢, and by

X, > X

its adic generic fibre, which is a finite étale ugn—torsor. The inverse limit X, := &1_ X, in diamonds
is represented by an affinoid perfectoid space, and

X > X

is a pro-finite-étale Galois torsor under the profinite group A := Zp(l)d = @n /lgn.
The following is a more precise version of [14, Lemma 6.4] in our situation of good reduction:

Lemma 3.6. Assume that X is a smoothoid adic space that admits a toric chart ¢ : X — 'Jl‘ds.

(1) Any Higgs bundle (M,0yr) on X becomes Faltings-small on X,, for n>> 0.
(2) Any v-vector bundle V. on X becomes Faltings-small on X, for n > 0.

Proof. For part (1), it is clear from Kiehl’s Theorem that there exists a Zariski-cover of X which
trivialises M. As the statement is local, we may therefore assume that M is trivial. We may then
choose a free model 91 and it suffices to see that with respect to this model, after pullback along
the formal model X,, — X, the Higgs field 6, restricts to 9t and becomes divisible by p?®. By
explicit calculation on [p"] : T? — T¢ and étale base-change, we see that the image of QL in Q&
is p"Qﬁ(”, hence pullback along X,, — X rescales 0, by p™. Hence ), becomes small for n > 0.

For péurt (2), the pullback V, of the v-vector bundle V' to the perfectoid cover Xo, — X is an
analytic vector bundle. By [10, Corollary 5.4.42], this is isomorphic to the pullback of some analytic
vector bundle on X,,, for some m > 0. After replacing X,, by a Zariski-open cover, we can assume
that this vector bundle is trivial, and hence so is V.. Fix a trivialisation Vy (X) = O(Xx)",
then the A,, = Gal(Xx|Xp)-action on My, = V(&) = O(Xx)™ defines a continuous 1-
cocycle A, — GL,,(O(X)). After increasing m, hence shrinking A,,, this factors through a map
Ay, — 1+ p?*mM, (OF (X)) which defines the desired reduction of structure group. O

Assume that X = Spf(R) is affine with a given toric chart ¢ : X — T¢ over some perfectoid
base S. As before, this induces a perfectoid cover X, = Spf(R~) — X whose adic generic fibre
is pro-finite-étale Galois with group A = Zp(l)d. Moreover, the toric chart induces a canonical
isomorphism Q}%(—l)[%] = Homg,, (A, R[%]) which we can dualise to a Z,-linear homomorphism

(8) D, : A — Hompg(Qk(—1), R).



10 J. ANSCHUTZ, B. HEUER, A.-C. LE BRAS

Theorem 3.7 ([14, Thm 6.5]). The toric chart ¢ induces an equivalence of categories
LS} : Higgs" ™™ (X) = Bun"™"(X,)

given by sending a Higgs bundle (M,0y) on X to the v-vector bundle V on X defined as follows:
Consider the Ro,-module M ® g Ry, with semi-linear A-action defined by letting any o € A act as

exp(De(0)obp)®0: M ®r Rew - M ®r Reo.
Interpreting this as a descent datum along Xsy — X defines the v-vector bundle LSE (M, 0) on X.

Proof. In order to see that this follows from [14, Thm 6.5], we only need to compare the notions
of “smallness”, as the one used in [14, Definition 6.2] differs from the one in our Definition 3.12.
To clarify the relation, we first note that in our case of good reduction, we can take ¢ = p%l in
[14, Definition 6.2], so “small” means here that a v-vector bundle globally on X admits a reduction
of structure group to 1 + p?*M,, (O%) for some a > p%l. Similarly for Higgs bundles. But
the naturality in the toric chart in [14, Thm 6.5.3] guarantees that the correspondence glues over
Zariski-covers of X. Here we can use the same ¢ as Zariski-localisation preserves the good reduction

property. Hence we obtain the claimed correspondence for Faltings-small bundles. O

Our goal in this subsection is to compare LSS to our functor S ;. To make this precise, we first
explain how the toric chart ¢ : X — T% induces a prismatic lift (B, J) of R:

The prismatic lift (A, I) of S induces a canonical lift A(T=!, ... ,T7") of T. This has a canonical
o-structure extending the one on A, defined by 6(7;) = 0 for ¢ = 1,...,d. Since A is [-adically
complete, we have Ag = Rgg. So the chart S(Tlﬂ, e ,T(§H> — R lifts to an I-adically étale map

ATE, . TFY —» B

in an essentially unique way. By [6, Lemma 2.18], the delta-structure extends to B in a unique
way. Set J := IB, then (B, J) is the desired prismatic lift of R. In particular, we obtain an A-lift

X = Spf(B/.J?).

Second, the natural map R — R, admits a lift to a morphism ¢, : A — Aj,¢(Rs): For this we
choose compatible systems of p-power roots Tib = (Ti,Tl/ P e Rbo<J of the images of the T; in

K3

R . Like in [3, §4.2|, the canonical lift A — Aj,s(Rs) of S — Ry then extends to a map
A(TEL L TEY = Aing(Rao), T v [T7].

By étale lifting, we can now find a unique lift of the extension R — R, of S(Tlil, e 7Tdﬂﬂ> — R

to the desired map B — Ajy¢(Roo). Quotienting by I2, this induces a morphism O(X) — As(Rao).

We recall from [3, Remark 7.26] that we can use this to make the period ring Bg from §2.2

computing S ¢ more explicit: Fix generators y,...,yq of QL{—1} as an R-module. For example,

when we fix a compatible choice of p-power unit rootsdtTo triviagiTse the Breuil-Kisin—Fargues twist,
1 d

we can use the pullbacks of the canonical generators T Tk of leré along c.

Lemma 3.8. There are Y1, ...,Yy € H*(Xs,Bg) such that the chart ¢ induces an isomorphism
~ 1—¢p nY?” ;o— A
H°(X»,B3) = R [%,n eN,i=1,.. .,d]p[]l)]
with respect to which we have @5)7 =5 %yi.

Proof. By [3, Remark 7.26] this holds for X = Spf(R) = TZ. The general case follows from this:
The natural map X7 — (T¢)HT X4 X is an isomorphism since ¢ : X — T¢ is étale. Hence it
follows from the definition in [3, Definition 17.7] that B is the base-change of the period ring for
T¢ along c. ]

Proposition 3.9. There is a canonical transformation v making the following diagram 2-commutative:
Higgs" ™™ (X) — Higgs™™™(x)
~lLsf = ls <

Bun"*"(X,) ——— Bun(X,)

2In [9], Faltings uses both of these variants of “smallness”, the global and the local one.
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Proof. The inclusion on top exists by Lemma 3.4. Let M = (M, 6s) be any Faltings-small Higgs
bundle on X. Let

Vi=Sg(M)
be the associated v-vector bundle on X. We recall from §2.2 that S; can be described using the
period sheaf (Bg,0p_): Let B := H°(X,Bg), then by (7) we have a canonical identification

V(Xs) =ker(M @r B — M ®@p B® Qk(—1)).
As a first step, we use this to define a natural morphism
¢: MRr R > MQgrB
as follows: Set w := (1 —(,)~'. By Lemma 3.4, the Higgs field w -0y : M — M @p Qk(—1) is
topologically nilpotent. Therefore 6 determines a morphism
Symp(w - QL (1)) ®r M — M

where the completion on the left is with respect to the zero section. Like in (5), this corresponds
via Cartier duality, [3, Lemma 6.4], to a morphism

QSO'M*)M@RBO

where By := R[( Yi)" ,n € Nji=1,. d];\[%]. More precisely, using the formula defining the
Cartier duality [3, ( ) in the proof of Lemma 6.4], we see that ¢g can be described as follows:

Using the chosen generators yi,...,yq, write 8y = > 0;y; for some 61,...,04 € End(M), then

d
m) = H exp(6;Y;)(m

Here we note that the factors commute since the #; commute due to the Higgs field condition.
By the explicit description in Lemma 3.8, we have a natural map By < B. We can therefore
now extend ¢ in an R..-linear way to obtain the desired morphism ¢. For this we have:

9)

i=1n=0

Lemma 3.10. The image of the morphism ¢ agrees with V(Xs). Moreover, the following diagram
commutes for any o € A:

M ®p Roo —2— V(Xs)
exp(DC(w)oeM)(@Ul l"/

Proof. Tt is clear from (9) that ¢ is injective: Indeed the R..-linear section B — R, [ | given by

projection to the constant coefficient composes with ¢ to the inclusion M = M®@rR C M®RR [p]
For the first claim, it thus suffices by [3, Lemma 7.18] to see that the the image of ¢ is in the
kernel of 0y ® 1 +1®0 : M ®B - M ® B® Q} (71). This follows from the computation

d d
Oy ®1+1 ®@)(Hexp(9iYi)) = Z( Hexp (0;Y;) 8Y Hexp (0 Y))yJ =0

i=1 j=1

because aiY, exp(6;Y;) = 6; exp(6;Y5).

It remains to see that the diagram commutes, for which it suffices to compare the two diagonal
compositions on M C M ® R,. As before, write 0y = > 6;y; for some 0; € End(M), as well as
D(o) =" ey for some e; € Ro in terms of the dual basis y" of Hom(2L{—1}, R). Then

o)oby = Zeﬂ € End(M).

Let m € M. Going first down and then to the right we calculate that

d
d(exp(D(c) o Opr)( Hexp e:0;) HeXp (0;Y;) exp(e;0;)
i=1
whereas going first to the right and then down we obtain
d
(14 @ 0)(9(m)) = (1d © o) ([ ] exp(6:37)) (m Hexp (Y + o)) (m)
i=1

where in the last step we use that the action of o on B is given by translation by D(c), which
sends Y; — Y; + e; by definition of e;. These two terms agree by commutativity of the 6;. O
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By definition of LSS, it follows from Lemma 3.10 that ¢ defines an isomorphism
¢:LSE(M) =5V =S¢ (M).
Since ¢ is clearly natural in M, this finishes the proof of Proposition 3.9. (]

Remark 3.11. We note that in the proof of Proposition 3.9, we did not use the full generality
of the notion of Hitchin smallness, since we only required a factor of pp%l, not of p%. Indeed,
the argument shows more generally that LSS is compatible with the local correspondence for “w-
Hitchin-small Higgs bundles” of [3, Theorem 6.37]. Indeed, it is only in the globalisation step that
the stronger notion of Hitchin-small Higgs bundles is needed in an essential way. This mirrors a
similar phenomenon in Faltings’ work. To simplify the exposition, in this article, we ignore the
difference in convergence conditions for the local versus the global correspondence. We therefore
only use the weaker notion of Hitchin-smallness required by the global correspondence.

Corollary 3.12. The local p-adic Simpson correspondence is compatible with the sheafified corre-
spondence HTlog of [14, Thm 1.2| in the sense that the following diagram commutes

Higgs™ *™(X) —— (M,,(0) ® Q4(~1)) / GL,(X)

J,SX HTlogTN

Bun(&,) R'v,GL,(X)

where the categories on the right are the sets of isomorphism classes of Higgs bundles and v-vector
bundles on X up to étale sheafification, respectively, and where the horizontal morphism are given
by sending an object to its isomorphism class.

Proof. Since HTlog is a morphism of sheaves on X, the statement is Zariski-local on X, so we
may assume that X admits a toric chart ¢ and X is the lift induced by c¢. Let (M, 6,,) be a Higgs
bundle on X. Then by Lemma 3.6, the pullback of (M, 6,;) along the toric cover f, : X, — X
induced by the toric chart becomes Faltings-small for n > 0. Note that f,, admits a formal model
X, — X which admits a lift f, : X,, — X induced by the toric chart. By naturality of Sg in X,
we can now replace X by X, and thus reduce to the case that (M, 6),) is Faltings-small.

In this case, HTlog ™' is by definition in [14, §5| given by LS¥ (M, 8,;). But by Proposition 3.9,
the isomorphism class of LSE (M, 0) in H}(X,GL,,) agrees with that of S (M, 0). O

Remark 3.13. We note that in [9, p850-851], Faltings also gives a second version of the local
p-adic Simpson correspondence for toric X over O¢ defined in terms of a lift X to Ai(Oc¢)/€2
(cf §1.4). Namely, in terms of the notation used in this subsection, Faltings chooses a lift

@ AJE = Aini(Reo)/€”
of A — Ains(Roo). This induces for any o € A a derivation
A— Ry, aw HM(i"‘p(“)g“”(“))

which factors through the reduction A — R and thus defines a 1-cocycle D : A — Hom(Q2k, Ry).
We observe that for any o € A, the element D(o) agrees by definition with the derivation D from
[3, Thm 3.13| computed in 3, Lemma 4.7], hence the notation.

Let now (M, #0;;) be any Faltings-small Higgs bundles on X. Then Faltings’ second correspon-
dence is defined by considering the Roo[%]—module M ® R., with semilinear A-action defined by
letting o € A act as

exp(D(c)obp): M - M ® R,
and extended R..-semilinearly. This defines a descent datum for a vector bundle along X, — X,
and thus a v-vector bundle LSI;( (M,0)) on X. Exactly as in Proposition 3.9, one can construct a
morphism ¢ that describes a natural transformation LS; = S to our functor. This reproves in
particular that Faltings construction is independent of the auxiliary choice of R, and .

Lastly, we need the canonical Higgs field on V first described by Rodriguez Camargo [23]: In the
setting of Theorem 3.7, it is immediate from the definition that the A-action on M ® g R, commutes
with 6y, ® id. Hence 0y, descends to a Higgs field 6 : V — V @ Q4 (—~1) on V := LSE (M, ). One
can show that for a given v-vector bundle, this Higgs field is independent of the chart c:

Theorem 3.14 ([15, Thm. 4.8],[16, Thm. 3.2.1]). Let Z be any smoothoid adic space and let V be
a v-vector bundle on Z. Then there is a natural Higgs field Oy : V — V @QL such that étale-locally
on any toric space X — Z where V' becomes Faltings-small and any toric chart ¢ for X, the induced
map Oy (Xoo) : V(X)) = V(X)) @ Q% is given by Orr where (M, 0pr) = (LSE)~1 (V).
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3.2. The essential image in v-vector bundles in the geometric case. Let now X be any
smoothoid p-adic formal scheme with rigid generic fibre X and let X be a lift of X. The goal of
this section is to describe the essential image of the functor

Sy : Higgs™"™™(X) — Bun(&,).

For this we will use the comparison to LSE’( and the fact that every v-vector bundle becomes
Faltings-small locally on toric towers over X by Lemma 3.6. This will allow us to describe the
essential image of LS ¢ using the Hitchin fibration, as we now explain.

Definition 3.15. Denote by Bun,(X,) the category of v-vector bundles of rank n on X, and
similarly let Higgs, (X) be the category of Higgs bundles of rank n. Let A, (X) be the Hitchin base
of X, defined as the O(X')-module

An(X) = @i, HO(X, Sym' (2 (1))

Consider the set A,,(X) as a groupoid where any morphism is the identity, then we can make sense
of the Hitchin fibration as being a functor

H : Higgs,, (X) = A, (X).
From [14], on the side of v-vector bundles, we have an analogous functor
H : Bun, (X,) = A, (X)

defined as the composition of H with the map HTlog (see Corollary 3.12).

We recall from [14] that # can made explicit as follows: Let V be a v-vector bundle on X.
Fix a toric chart ¢, then by Lemma 3.6 we can find a toric cover X,, — X on which V becomes
Faltings-small. We can thus associate to V a Higgs bundle (LSY)~'(V) by Theorem 3.7. Via
Lemma 3.10, this endows V()?) with a Higgs field

0, : V(X) = V(X) @ Q% (-1).
Since the image of Q% in QY is precisely p~"Q) , we can rescale this by 6 := p~"6, to obtain

a Higgs field # that is independent of n. Then 7:2(‘/) is given by the characteristic polynomial of
0. Tt is clear from Lemma 3.10 that 6 in fact commutes with the A-action, thus defining a Higgs
field V — V ® Q% (—1). and it follows that 6 indeed has coefficients in A,,(X).

Remark 3.16. It is clear from the construction that the above Higgs field on V' is precisely 6y from
Theorem 3.14. This shows that we can more conceptually regard H as computing the characteristic
polynomial of 8y,. However, the definition of H that we will use later is the one given above.

Lemma 3.17. For any n € N, the following diagram commutes:

H An(X) H
Higgsg'sm(é’()/%unn()@)
Proof. Immediate from Corollary 3.12 and the definition of H via HTlog. O
Definition 3.18. (1) Forany o € Q, let p<® := {z € S s.t. ||z|| < |p|*}. We call the subspace

At () = @) HOX,p<7T - Sym (94 {~1))) C An(X)
i=1

the Hitchin—small locus. If X is proper, this is an open submodule of A,,(X).
(2) We call a v-vector bundle V on X' Hitchin-small if H(V) already lies in Al=m(X) C A, (X).

Let Bun™™(X,) C Bun(X,) be the full subcategory of Hitchin-small v-vector bundles.
(3) We call a Higgs bundle (E,0) on X Hitchin-small if H(E,0) lies in AI"m(X) C A, (X).

Let Higgs™™™(X) C Higgs(X) be the full subcategory of Hitchin-small Higgs bundles.
(4) More generally, for z € S [%], we say that V is z-Hitchin small if H (V) lies in

A (X) = @ HO(X, 2" p=' - Sym' (25 {~1})) € A, (),
i=1
and similarly for Higgs bundles. We define Bun®"" (X)) and Higgs* ™™ (X) accordingly.

Part (3) generalises Definition 3.2 as we no longer assume that Z$<' C S.

Note that since H localises on X by definition, being Hitchin-small is a local notion, i.e., a
v-vector bundle on X is z-Hitchin-small if and only if it is so locally on X, and similarly for Higgs
bundles. Moreover, we have the analogue of Lemma 3.4 for v-vector bundles:
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Lemma 3.19. Any Faltings-small v-vector bundle is Hitchin-small. In particular, if X is toric,
then any v-vector bundle on X becomes Hitchin-small after pullback to a finite toric cover X,, — X.

Proof. The first part follows from Proposition 3.9 and Lemma 3.17. The second part then follows
from Lemma 3.6. O

We can now prove the main result of this section:

Theorem 3.20. Let X be any smoothoid formal scheme over a p-adic perfectoid base S. Let X
be its adic generic fibre. Let x € S[%]X be such that S C xS. Let a € S be such that ||a| < p%l
and set z := ax~t. For example, if (, € S, we can simply take a :=1 — (,.

(1) Let X be an z-lift of X to Ay(x) (in the sense of |3, Definition 7.2]), then Sx.. induces a

natural equivalence of categories
Sy, @ Higgs®™™*™(X) =5 Bun® =™ (X,)

(2) Sk, is natural in X in the following sense: For any morphism f:Y — X of smoothoid

formal schemes, any lift to an As(x)-linear morphism f Y — X induces a natural

transformation y(f) : f* o Sx. = Sy_ o [* that is compatible with composition.

Corollary 3.21. Let K be the completion of an algebraic closure of a p-adic field Ko. Assume that
X is a smooth p-adic formal scheme over Ok that has a model X over Ok,. By |3, Corollary 7.4],
this induces an e~ t-lift X of X for some e € O. Then for z := (1 —¢p)e, Theorem 8.20.2 yields
a canonical functor

Sz, Higgs® ™ (x) =5 Bun® 17 (x,).

This gives a completely canonical variant of the global Simpson correspondence for e-Hitchin
small bundles in the case of arithmetic models. For example, in the setting of Corollary 3.21, we
will see in Lemma 5.5 that any v-vector bundle on X that comes via pullback from A} lies in the
image of Sg. This generalises the p-adic Simpson functor of Liu-Zhu [18] (in the case of good
reduction) from @Q,-local systems on X, to v-vector bundles on Xj.

Proof. We already know from [3, Thm 7.13| that Sz _ is fully faithful and natural in X as described
in (2). This naturality means that Sg _ identifies descent data on both sides: For this reason, we

may without loss of generality assume that S contains Zgyd. Here we use that for the base-change

Xgerer of X along Spa(Q¥®') — Spa(Q,), we have descent of (analytic) Higgs bundles along the

v-cover Xpeva — &' by [14, Corollary 7.4].

It thus remains to prove that S . is essentially surjective when S contains Zgyd. The statement
is Zariski-local on X, so we may assume that X admits a toric chart and make choices as in the
beginning of §3.1. In particular, we obtain over X a second As(z)-lift X’ induced by the toric
chart via the natural map As — As(z). But since X is smooth and As(x) — R is a square-zero
thickening, any two Aa-lifts over the affine space X are isomorphic. By naturality of S _ in the
lift, this means that S %, S R To determine the essential image, we may therefore ‘without

loss of generality fix an isomorphism X = X’ and assume that X is as described in 83.1.

Let now V be a Hitchin-small v-vector bundle on X. Choose a toric chart and let Mo, := V(Xx).
As in Definition 3.15, we can endow M,, with a Higgs field 0 : M, — M, ®r Q%(—1) as
follows: After passing to a cover X,, — X to make V Faltings-small using Lemma 3.6, we can use
Lemma 3.10 to identify M., with the pullback of a Faltings-small Higgs bundle from X,, — X,
hence endowing it with a Higgs field 8. Then by construction, H (V) is the characteristic polynomial
of 8. The assumption that V is z-Hitchin-small means now that %6’ is topologically nilpotent. Since
S C 8, we have zS C (1 — ()5, so this implies that (1 — (,)~'6 is topologically nilpotent.

Note that by Theorem 3.14, the map 6 : My — My ® Q% (—1) descends to a Higgs field
V =V ®Q%(~1). In other words, this means that 6 is A-equivariant.

Recall now that the homomorphism D = D, : A — Hom(QY, R{1}) from (8). For any o € A,
we can compose D(o) with 6 to obtain an R.-linear A-equivariant endomorphism

D(c)o: My — M.
The fact that (1 —(,) 16 is topologically nilpotent now ensures that the map
exp(Dof): A — GL(My)
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converges. We claim that it is indeed a continuous 1-cocycle for the A-action on GL(M) via
conjugation. Indeed, for any 1,09 € A, due to the fact that D(o2) 0§ commutes with o1 on M,
exp(D(01) 0 0) - 1 exp(D(03) 0 0ot = exp(D(o1) 0 6) - exp(o1(D(02) 0 )ay )
— exp(D(01) 0 6) - exp(D(02) o 6)
= exp(D(01 + 02) 0 0).

This enables us to reverse the construction of a v-vector bundle out of a Higgs bundle described
in Theorem 3.7, as follows. To find a preimage of V under Sg _, we need to find an R[%]—submodule
M C M, of the same rank m as M, over Roo[%] such that for any o € A, the following diagram
commutes:

M ®R ROO id ®@c M ®R ROO exp(D(o)ob) M ®R Roo
M., o M.

This can be reformulated as saying that M is the submodule fixed by the Roo[%]—semilinear A-
action on V(X ) defined by
oxv=-exp(D(c)00) tov.

This indeed defines a A-action because exp(D o 6) is a 1-cocycle. Thus the R[%]—module M is
uniquely determined by the property that with respect to this twisted action, it satisfies
M= M2.

By the Higgs field condition and the fact that the A-action commutes with 6, also the x-action
commutes with 6, so by taking A-invariants of 6, we obtain a Higgs field 65 : M — M ® Q..

It remains to prove that the rank of M is m. To see this, consider the action of the subgroup
A,,, corresponding to the pullback of V to X,,. By Lemma 3.6, the v-vector bundle becomes
Faltings-small on &,, — X for some n. It follows from the fact that LSE is an equivalence that
there exists an Rn[%}—submodule M, C M, of rank m such that M,, = MOAO" by Proposition 3.9
and Lemma 3.10. We thus have

Mvo = (Mn)A/An-
But the Rn[%]—semilinear action of the finite group A/A,, now defines an étale descent datum for
a vector bundle of rank m along the A/A,-Galois cover X,, — X. By [14, Lemma 2.6.5] (which
is based on [17, Theorem 8.2.22.(d)]), this descent datum is effective and thus gives the desired
R[%]—module M of rank m.
At this point, we have found a Higgs bundle (M, fas) such that S5, (M, ) = V. It remains to

observe that the nilpotence of %6 implies that %HM is nilpotent, hence (M, 6,;) is z-Hitchin small.
It follows that Sg _(M,0n) = Sg ;(M,0x) =V is in the essential image of Sz . O

Remark 3.22. In fact, one can show that D : A — Hom(Q4, R{1}) is divisible by (1 — ¢,).
Namely, in the setup of (cf [3, §4.2]), D(o) can be described as sending % to pu®(@)[T?], whose
image in Ro.{1} is divisible by (1 — (,). This means that the above proof actually only used that
(1 —¢,) 10 is nilpotent in the last paragraph, as for the convergence of exp(D o 6) it would suffice
that only 6 is nilpotent. Indeed, the above argument can therefore be used to show that the image
of the local correspondence [3, Corollary 6.30] is given by v-vector bundles for which 6 is nilpotent.
The point is that the stronger condition on € of Hitchin-smallness is necessary to define the global
p-adic Simpson functor S¢ in the first place.

Remark 3.23. In [3], we more generally worked in the derived category and constructed a functor
S : {Hitchin-small Higgs perfect complexes} — Per f(X,).

We believe that it should be possible in principle to describe the essential image of this functor
in a similar way. For this one would first have to show that every perfect complex on Per f(X,)
carries a natural Higgs field. However, already describing the essential image of the local p-adic
Simpson functor for coherent Higgs modules is likely more difficult, cf. [3, Corollary 6.30].

As an application of the generality of smoothoid spaces that we work with in this section, we
can deduce a more geometric version in terms of moduli stacks: For this we consider for any n € N
the functors fibred in groupoids on the category of perfectoid spaces over K

vABun, : Y +—  {v-vector bundles on X x Y of rank n},

Higgs,, 1Y +—  {Higgs bundles on X x Y of rank n}.
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By [14, Thm 1.4], these are small v-stacks, and the Hitchin fibrations from the last subsection can
be assembled into morphisms of v-stacks over the Hitchin base:

Definition 3.24. The Hitchin base of X is the v-stack A,, defined by sending any perfectoid space
Y over K to A, (X xY) where A,, was defined in Definition 3.18. Let

Afl—H—sm g An
be the Hitchin small locus given on Y by AZHsm (X x V) defined as in Definition 3.18.
The Hitchin fibrations are now morphisms of v-stacks over the same base

vABuny, i
A
/ n
Higgs, ™
We thus obtain moduli spaces of Hitchin-small objects
Higgs= 5 .= Higgs, x4, A v Pun

as the respective preimages of the Hitchin-small locus.

z-H-sm

L z-H-sm
z = vABung, X 4, AZ

Corollary 3.25. Let X be a p-adic smooth formal scheme over Ok for some perfectoid field K
containing ngd. Then any choice of lift X of X to As(x) induces an equivalence of small v-stacks

Sz, %”iggsf{H'sm = v%’unf{H'sm

Proof. For any affine perfectoid formal scheme Y = Spf(S™) over O, the lift X induces a flat lift
of X xp, Y to Ay given by X Xspt(a) SPE(Aing(ST)), and this formation is functorial in Y. The
statement thus follows from applying Theorem 3.20 to X x Y for the choice of lift just described,
using the functoriality in Theorem 3.20.(3). O

As a special case, we can deduce the first non-trivial example of a comparison between the full
moduli stacks beyond n = 1, namely for the special case of projective space:

Corollary 3.26. Let X =P , then there is a canonical isomorphism of small v-stacks
S : Higgs, — vRBun,,.

More generally, such an isomorphism exists for any smooth proper p-adic formal scheme X over
Ok with a lift X of X to Ay such that X has trivial Hitchin base A, (K) = {0}.

Proof. For X = P™, we see from the Euler sequence that A, (K) = {0}: Indeed, we have Q% C
Opm (—1)™*1 and hence Sym* QL C Sym*Opm (—1)7+1 = o("M g Opm (—1)®F has no non-trivial
global sections. The statement now follows from Corollary 3.25: For any affine perfectoid Y, any
Higgs bundle, respectively v-vector bundle, on X x Y is in the fibre of 0, hence is Hitchin-small. [

As a second application, we deduce the following analogue of [2, Thm 1.2]:

Corollary 3.27. Let X be a toric smoothoid formal scheme over a perfectoid base S that contains
Z;yd. Choose a toric chart ¢ : X — Tf‘é and consider the induced toric tower --- — X, 11 — X, —
-+« = X of formal schemes, so that the adic generic fibre of X,, — X is Galois with group A,,.
Then there is an equivalence of categories

2-limy Vee([XHT/A,], O[]) ~ Bun(x,)
neN
Proof. By Galois descent, we have a canonical functor from left to right, which is fully faithful by
[3, Thm 7.13]. By Theorem 3.20, any Hitchin-small v-vector bundle is in the essential image. By
Lemma 3.19, any v-vector bundle becomes Hitchin-small on some &),. O

4. TWISTED PULLBACK

As the second goal for the geometric Setup 2.1, we now clarify the functoriality of our con-
structions, i.e. how the small p-adic Simpson correspondences we defined can be compared under
morphisms of smoothoids f : Y — X. While Theorem 3.20.(2) explains how to do this if there
exists an Ao-lift of f, it is interesting for applications what one can say in the absence of such
an Ap-lift of f. To give a concrete example, in arithmetic situations, one can often obtain lifts to
B('fR /€2 by base-change from arithmetic base fields, but these may not respect the integral struc-
tures. A solution to this issue is then to choose integral lifts of X and Y, but this may not be
possible in such a way that a lift of f exists.
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Indeed, for this reason, the question of functoriality of the p-adic Simpson correspondence is
already treated by Faltings (in his slightly different setting of what we call Faltings-small bundles):
It is very briefly sketched in three sentences on [9, p855] and is implicit in construction of “twisted
pullback” [9, p858]. In [9], this is further developed by way of explicit formulas in the proof of the
full p-adic Simpson correspondence for curves. The goal of this section can also be described as
reinterpreting Faltings’ definition in a more geometric way.

Let S be a p-adic perfectoid base over Z, and let f : ¥ — X be a morphism of smoothoid formal
schemes over S. Let X and ) be the respective generic fibres. Given any As-lifts X of X and Y of
Y respectively, the functors g 5([;%] and 5{/[%} from (6) fit by [3, Proposition 6.28] and functoriality
of the Hodge—Tate stack into a commutative diagram

- ooH-sm By HT)[1
Higgs (V) +—=— Bun(z.X )[5].

al

. H-sm Bx HTY[1
Higgs (X) «=— Bun(z. X")[7]

Definition 4.1. We denote by f3 . : Higgs" ™ (X) — Higgs™ ™™ ()) the composition 35 =

By o f*o ,8;(1, which is the essentially unique dotted arrow making the above diagram commute.

The goal of this section is to give a more explicit description of this functor. For this, we use a
construction due to Abbes—Gros [1, 11.10.3]:

Definition 4.2. The Higgs-Tate torsor H7 s is the sheaf on Y7,, defined as the subsheaf of
Hom(f™' O, Oy)

of Ag-algebra homomorphisms that reduce to the map f~'Ox — Oy defined by f:Y — X.

Lemma 4.3. HT s is a f*Tx{1}-torsor onY.

Proof. The statement is local on Y, so we may assume that X and Y are affine. Then a global
section of HT ;(Y) exists by formal smoothness. By standard deformation theory, the space of
As-lifts is then a principal homogeneous space under the group of derivations

O(X) = ker(O(Y) = O(Y)) = O(Y){1},
which are given by Home(x)(Q2x(X), O(Y){1}) = f*Tx{1}(Y). O
Proposition 4.4. Let (M,0) € Higgs™ ™™ (X). Then there is a canonical isomorphism
%5 (M,0) = f*(M,6) x> HT
where Tx {1} acts on (M, 0) via the homomorphism
exp(6) : Txc{1} — Aut(M).

For small Higgs bundles on curves of good reduction, this recovers the definition of Faltings [9,
p858|, phrased by him in terms of the spectral curve.

Corollary 4.5. Any datum of a lift f : X — Y induces a natural equivalence o v = f.

Proof of Proposition 4.4. The statement is Zariski-local on Y, so we may assume that Y = Spf(B) —
X = Spf(A) is affine. We now first prove that any lift f : ¥ — X induces a 2-arrow

X X rfty
v

[~

Y 2 Lty

Indeed, let T' be any S-algebra, then for any T-point B — T of Y, the image in Lftx (7) defined
by going around the upper left corner is the composition

z: AL B Y Ba B[] - T T{1}]1],

where d¢ is the morphism of animated rings associated to the square zero extension of B defined by
Y, cf. [3, §7.2][7, §5.1.9]. Going around the bottom right corner, we instead obtain the composition

A% Ae A1) L BeB1Y1) » T e T{1)[1],
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where 6 ¢ is the morphism of animated algebra defined by X. The lift f now defines a map between
fodz

A —= B@B{1}[1] and PR B@B{l}[ ], which induces the desired isomorphism in Lft x (T).
It is clear from these explicit descriptions that for any two lifts f1, fo : ¥ — X, the map
(10) 7f107f2 cAut(z:Y — X — Litx) =Tx{1}(Y)

can be identified with the difference f; — f5 € Tx{1}HY) defined by the fact that the Higgs—Tate
torsor m: HT y — Y is a Tx{1}-torsor.
We now pass to the universal situation: There is a canonical transformation

X X rfty
fOﬂ"T \’Y T

HTf —— Lity

py oT’

such that for any lift f € HT ;(Y), we obtain Vi by specialisation at the section f : Y — HT ¢
This is clearly natural in X and Y, so it glues beyond the affine case, and we may now assume
that X and Y are general. The commutativity of the diagram then says that for any small Higgs
bundle (M, #) on X, there is a canonical isomorphism over HT ¢

Oy T fOM S T fF M.
We now compute the effect which the Tx{1}-action on H7 s has on this isomorphism: Let 6 €
Tx{1}(Y) be any local section and consider the diagram

X —X — Lty
ol ]
HT p —2 HTj —— Lty
Let 75 be the resulting homotopy between the two outer compositions. We wish to compute
Y50yt € Auty (HT § — Lftx) = Tx {1}(HT¢).

For this we use that locally on Y where H7 ; admits a section f € HT¢(Y), the above diagram
becomes isomorphic to

X X X —— Lftx

ol

FTx{1} =2 fTx{l} — Y —— Lity.

1

If follows that vs oy~* can be decomposed into the difference Vs © v=" composed with f*Tx {1},

f
plus the difference between HT ¢ AN HT s —Y and HT ; — Y. By the computation surrounding
(10), we have 77, ;0 fy];l = 4. It follows that v5 o v~! is given by the image of (d,5) under

Aut(Y — Lftx) x Auty (HT ;) = Tx {1}(Y) x Tx{1}(Y) = Tx {1}(HT ;).
As a consequence, we can regard ¢., as a Tx {1}-equivariant isomorphism
Oy T M @pa10y Opg, = 7 f*M @p10, Onr,
where the left hand side is endowed with the natural action via the second factor, whereas the right
hand side is endowed with the diagonal action of Tx. Here the action on the first factor 7=! f*M
has to be the one induced by Tx{1} = Aut(z : Y — Lftx). By Lemma 4.6 below, this is given by
the natural map exp : Tx — Aut(M).

Taking T'x{1}-equivariant sections on both sides with respect to the natural actions just de-
scribed, this defines a natural isomorphism

oM = (r* M)A 2 (r 7L M @10, Ogr,) X = v I Ty 0
Lemma 4.6. Assume X = Spf(R) is affine. Let N € Bun(BT)u({l}) and let (M,0) = ®x(N) be

the corresponding Higgs bundle via (4). Then for any p-complete R-algebra S and any s € T % (5),
the action of s on M obtained from the T}j({l} action on X — BT)ﬂ({l} is given by

exp(s0): M @S~ M ®pgS.

Here we have identified s first with the induced Ox-linear map s : QX — Ox and then the map
s 00 is the resulting composition (id®s)ol: M — M @ Q — M € End(M).
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Proof. The T)ﬁ({l}—action on M is encoded on the level of sheaves by a co-action map M — M 20 X-

Unravelling the definition of ®x in (4), we see that the action of Sp(ﬁ}/() on M is obtained from
this via duality: More precisely, like in (9), we see from [3, (9) in the proof of Lemma 6.4] that

this identifies s : Qx — S with the map exp((—, s)) : Sym% (") = G,,, which corresponds to the
section exp(s) € S,(2V) ® S. O

We can now use twisted pullback to explain the functoriality of the small global p-adic Simpson
correspondence, generalizing the statement of Theorem 3.20.(2):

Proposition 4.7. Let f : Y — X be any morphism of smoothoid p-adic formal schemes. Let X
be an As-lift of X and let Y be an As-lift of Y. Let X and ) be the respective adic generic fibres
of X and Y. Then there is a canonical natural transformation

Higes™™ (1) —" Bun'™"(),)
Sr] ~ 7]
Higgs™ ™ (X) % Bunf™"(x,)
Proof. By definition of S ¢, this follows by considering the natural diagram:

Higgs"" () 2 Bun(=.YHT)[1] —2 Bun™*"(y,)

] f*T /|

Higgs"*" (X) <2 Bun(z, X*T)[1] —2 Bun™"(x,)

The left diagram commutes by Definition 4.1. The right diagram commutes up to a canonical
natural equivalence by naturality of . ]

5. ESSENTIAL IMAGE: ARITHMETIC CASE

We now switch to the arithmetic Setup 2.2. In particular, X — Spf(Of) is a smooth p-adic
formal scheme over O for a p-adic field K, and throughout we have fixed the choice of a uniformizer
7w € Okg. Let k = Ok /7 be the residue field. Let E be the characteristic polynomial of 7 over
W (k) and e = E'(m) the induced generator of the different do, jw ). Let X be the adic generic
fibre of X. In this section, we study the functor

g . { Hitchin-small } {Vector bundles}
™" | Higgs—Sen bundles on X on X,
whose construction via the Hodge—Tate stack we recalled in §2.4. In analogy to the geometric case
of §3.2, the goal of this section is to describe the essential image of this functor, by introducing an
appropriate Hitchin fibration. The basic idea is to use the geometric p-adic Simpson correspondence
on the base-change X to the completed algebraic closure C' of K, and then to argue by Galois
descent. The constructions in this section are therefore closely related to those of [21, §7], with
the Hitchin fibration being the crucial additional ingredient.

5.1. The arithmetic Hitchin fibration for Higgs—Sen-bundles. We begin by defining the
Hitchin fibration for Higgs—Sen bundles:

Definition 5.1. Let n € N. The Hitchin fibration of rank n is the natural morphism of groupoids
{Higgs—Sen modules on X of rank n} — A"(X)

defined by sending (N, 80y, ¢n) to the characteristic polynomial of ¢. Here and in the following,
we regard A" as the parameter space of monic polynomials F(T) = T" + a;T" ' + --- + a,, of
degree n in terms of the tuple (ai,...,ay).

Definition 5.2. The Hitchin-small locus A*™"(X) C A™(X) is the open subgroup defined as
AT(X) = eZ + mrgO(X)".

More explicitly, if K is absolutely unramified, then e = 1 and we have AS™"(X) = Z+mgO(X)".
Otherwise, e € mg and we thus have A" (X) = mxgO(X)™.

Definition 5.3. A Higgs-Sen module (N, 0y, ¢ ) on X is Hitchin-small if H(N, Oy, dn) € A" (X).

It will follow from Lemma 5.15 below that this is equivalent to the definition of Hitchin-smallness
given in the introduction in terms of Hodge—Tate—Sen weights.

Lemma 5.4. For an O(X)-linear map F : O(X)" — O(X)", the following are equivalent:
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(1) FP — eP~1F is topologically nilpotent.
(2) The characteristic polynomial of F lies in AS™"(X) C A™(X).

Proof. Both properties can be checked on fibers of points Spa(L) — X in unramified extensions L
of K. Using that T? — e?~ 1T = [["_)(T — e - i) mod 7 in Ok|[T], one verifies that FP — e? ' F is
topologically nilpotent < all eigenvalues of F' lie in eZ 4+ mp. ]
5.2. Comparison to geometric setup. Our next goal is to define the Hitchin fibration for v-
vector bundles H in the arithmetic setting. This is supposed to associate to any v-vector bundle V
of rank n on X, a spectral datum in O(X)", functorially in X, and which for V = S, (N, 0x, dn)
is given by the characteristic polynomial of ¢y.

In order to construct this, we may work locally and assume that X is affinoid and admits a
prismatic lift (A, I), for example induced by a toric chart. We consider the base-change

h:Xe— X
to the completed algebraic closure C|K like in §2.4 and study the pullback A*V with its natural
G i-equivariant structure on X¢. Recall from §2.4 that there is a canonical lift
5: O — Ag(e™).
Via base-change, we obtain an e-lift
Xoe =X Xspe(ox) SpE(Az(e™ )
which is a Galois-equivariant lift of X to the square-zero thickening
Ag(e™!) = €716 + Aine(Oc) /€7 € By /6

of O¢. Let z := e(1 — (p), then by Corollary 3.21, this defines a fully faithful functor

) ) z-Hitchin-small vector bundles
Xo¢ " | Higgs bundles on X¢ on Xc .y ’

As a first step, we now use the Galois action on Xo,, to see:

Lemma 5.5. Let V' be any v-vector bundle on X. Then the v-vector bundle h*V on X¢o is
e-Hitchin-small, in fact even 0-Hitchin small. Its associated Higgs bundle (M,0y) under the
functor Sf(oc from Corollary 3.21 is nilpotent.

Proof. This follows from functoriality of the Hitchin fibration
H : Bun, (Xo,) — A (X).

Indeed, by [14, Proposition 8.13], H is equivariant for the Gg-action. Since h*V admits a G-
equivariant structure, and # is a morphism of groupoids, it follows that H(h*V') is Galois invariant.
But due to the presence of Tate twists in the definition of A,,, we have by [27, §3.3 Thm. 2] that

A (C)F = @ (HO(X, Sym' (Q4) @k C(—i)) " =0.

In particular, H(h*V) € AH=m(C), hence h*V is Hitchin small. By Lemma 3.17, it also follows
that the associated Higgs bundle (M, 0ys) has characteristic polynomial 7™, hence 67, = 0. ]

By the naturality of the functor S ¢ with respect to the datum of X explained in Theorem 3.20.2,
it follows that the natural Galois action on X, and the Galois-equivariant structure on 2*V induce
on the Higgs bundle (M, 0)s) in Lemma 5.5 a Galois-equivariant structure (cf [21, Thm 3.3]). In
our situation, this can also be seen geometrically, as follows: Assume that X admits a toric chart,
inducing a prismatic lift (A, I). Let G4 be the automorphism group of the section X — XHT
defined by (A, I) like in [3, Section 6.4]. We consider the induced toric cover Xo oo = X0, — X.
The Galois group of its adic generic fibre over X’ is a semi-direct product 0 - A - T' — Gxg — 0
where A = Gal(X¢ 00| Xc) = Z,(1)¢. We thus obtain a commutative diagram of stacks

[Xoo,00/A] —— XEL «— [Xoo [Tk, {1}] +— Xo.

(11) J J J l

~

[Xop0o/T] —— XU = [X/Gp] +—— X

for which the horizontal arrows define S Kog, and the vertical arrows have a compatible G g-action.

Explicitly, this means that G acts C-semilinearly on M in a way that commutes with 8y, : M —
M @ Q% (—1), where the Galois action on QY (—1) is via the Tate twist. We deduce from this the
following basic compatibility between the arithmetic and geometric p-adic Simpson functors:
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Proposition 5.6. There is a canonical natural transformation making the following diagram
2-commutative:

G -equivariant Sxe G -equivariant
z-Hitchin-small —% z-Hitchin-small
Higgs bundles on X¢ v-vector bundles on X¢

hﬁ hﬁ
Hitchin-small S v-vector bundles
Higgs—Sen bundles on X on X

Proof. The vertical arrows are well-defined by Lemma 5.5. The natural transformation making
the diagram commutative then exists by comparing (11) to the definitions of the p-adic Simpson
correspondences. Namely, S is given by forming the pullback of vector bundles along the bottom
row, whereas S Xop is given by forming the pullback of vector bundles along the top row. O

5.3. Sen theory via the Kummer tower. Recall that the goal of this section is to determine
the essential image of the bottom functor in Proposition 5.6. Since the map on the right is clearly
fully faithful, and Sg_ ~is an isomorphism by Theorem 3.20, it suffices to determine the essential
image of the map on the left. Our central object of study in this section is therefore the G x-module
M. We can regard this as a v-vector bundle on X" that becomes trivial upon pullback along h. We
can describe this bundle using the stack Spf(Og )17 studied in [2], as follows: Set G := G 4. The
natural morphism XHT — Spf(Ox )", induced by X — Spf(Ok) due to the functoriality of the
Hodge—Tate stack, induces a commutative diagram

[X0e,00/T] XHT = (X/G] +— X

| J Lo

[Xo./Gr] — Spf(O)MT x X «+~— [X/H] +— X

where H is the automorphism group of the morphism Spf(Og) — Spf(Ox)HT induced by the
choice of uniformiser w. Here the third vertical map is the pushout along G — H, which admits
a canonical splitting defined by the section H — G. Given a Higgs—Sen module (N, 8y, ¢n) on
[X/G] with V = S (N, 0N, ¢n), it follows by comparing to the diagram (11) that the Galois module
M on X¢ agrees with the Galois module h* N associated to the Sen module (N, ¢n) on [X/H].

Let now n° = (.. .,7r1/1’,7r) be a choice of a compatible system of p-power roots of w. This
induces an element [°] € Ai¢(Oc). We now recall from [3, Lemma 4.1] the 1-cocycle

b
Xro G = 08, X (0) = 0(EZIED) € 14 em(1 - ¢,)Oc.

We refer to [3, Lemma 4.1] for some more background on this. For us, its relevance stems from:

Lemma 5.7. If V = S;(N,0n,¢n) comes from a Hitchin—small Higgs—Sen module on X, then
there is a natural isomorphism M = N ®o, Oc with respect to which the Galois action by Gx is

for any 0 € Gk given by
238
o(m @) = X (0) € (m & 1) (0).

(2354
Here the Hitchin-smallness implies that X » (o) e = exp(%’ log(x»(0))) converges inside End(M).
Proof. As we have just seen, we may use the section H — G to set 6 to 0 without changing the
Galois module structure on M, and we may thus assume that V' comes from a vector bundle on
Spf(Ok )T x X via pullback in the above diagram.

In this case, the statement follows by the same proof as [2, Lemma 4.5] by base-changing the

whole discussion there along X — Spf(Ok). O

5.4. Sen theory via the cyclotomic tower. We now use that there is a good formalism of
Sen theory for the tower X — X', as developed by Shimizu and Petrov. More precisely, the
decompletion they work with is with respect to the cyclotomic tower Xgeya — X where K is
the completion of K ((pn,n € N).

Proposition 5.8 ([26, Lemma 2.10], [22, Proposition 3.2]). Let M be a Gk -equivariant vector
bundle on Xc. Then there is a finite extension K' = K ((n)| K for which there is a vector bundle
N’ on X+ with an Oy, -linear endomorphism ¢' : N' — N’ and an isomorphism

M:N’ ®OXK/ OX

C
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with respect to which the G -action on M can be described as being for any o € Gy given by
oz @) = x(0)” - (c)
where x : G — 7, is the cyclotomic character. For fized K' large enough, the pair of the submod-

ule N' C M and the endomorphism ¢ is uniquely determined by this property. The characteristic
polynomial of ¢' has coefficients in O(X) and does not depend on the choice of K'.

We will clarify the relation to Lemma 5.7 in §5.6.

Proof. By [14, Corollary 6.11], we have v-descent of vector bundles along the map Xo — Xgeye,
and it therefore suffices to prove the result for Galois equivariant vector bundles M’ on Xg-cyer. For
these, the existence and description of the action are given by [22, Proposition 3.2].

Since strictly speaking, [26, Lemma 2.10] (which is used in the proof) is written only in the case
that K is a local field, we note that one can also check directly that for H = Gal(K¥°!|K), any
continuous 1-cocycle H — GL,(O(Xo,.,.,)) that becomes trivial modulo p® for a > % is in the
image of

Hom(H, GLTL(O(X))) - Hclts(Hv GLTL(O(XOKcycl )))v
by following the argument in [9, Lemma 1].

The uniqueness of (N, ¢') follows from considering H-finite vectors in M’, where we can recover
¢’ as log(c)/log(x (o)), see [21, Thm 7.4].

A quick way to see the statement about the characteristic polynomial is to simply deduce this
from classical Sen theory by specialising at all points Spf(Or) — X valued in unramified extensions
L|K. This also gives another way to see that ¢’ is uniquely determined. O

5.5. The arithmetic Hitchin fibration for v-vector bundles.

Definition 5.9. Let Bun,(X,) be the groupoid of v-vector bundles of rank n on X. We define
the arithmetic Hitchin fibration of rank n

H =Ha : Bun, (&,) — A™(X)
of X as follows: For any v-vector bundle V on X, let (N,0y) = S)T(L (h*V') be the associated G-
(e}

equivariant Higgs bundle on X¢ from Proposition 5.6. Let (N, ¢’) be the Sen module associated
to N by Proposition 5.8, then we define H(V') to be the characteristic polynomial of e¢’. This is
well-defined as it does not depend on the choice of K.

Definition 5.10. We call a v-vector bundle V on X Hitchin—small if H(V) € AS™"(X) C A™(X).

Lemma 5.11. V is Hitchin-small if and only if e?(¢'P — ¢') is topologically nilpotent.

Proof. This follows from Lemma 5.4. ]
The technical key property of Hitchin-small v-vector bundles will be the following:

Lemma 5.12. Let V be a Hitchin-small v-vector bundle. Then for any o € Gk,

, 00 o)—1)" n—1 )
X () = 32 ORI T (96 — i) € Aute(M)

1s well-defined. This defines a 1-cocycle xi; : G — Aute(M).

Proof. The equality holds by [2, Lemma 2.14|. Since Lemma 5.11 shows that the products on the
right hand side converge to 0 for n — co when V' is Hitchin-small, this shows the convergence. [

Lemma 5.13. The arithmetic Hitchin fibration is functorial, in the following sense: Let L|K be
a finite extension with uniformiser 7' € Op and associated element €' € dp, /z,. Then for any
morphism f 'Y — X of p-adic formal schemes where X is smooth over Ok with rigid generic
fibre X and Y is smooth over O with rigid generic fibre ), the following diagram commutes

Bun,, (V,) —2 A™(Y) (£ f(ar), .., (£)"f(an))
] 1
Bun,, (X,) —%5 A"(X) (ai,....an).

where the right map in the square is defined as indicated on the right.

Proof. Immediate from the functoriality properties of the operator ¢’ in [22, Proposition 3.2|, which
follow from the unique characterisation in Proposition 5.8. The factor e’/e appears as H is defined
in terms of e¢’, which results in the indicated rescaling of the characteristic polynomials. O



THE SMALL p-ADIC SIMPSON CORRESPONDENCE IN TERMS OF MODULI SPACES 23

We have the analogue of Lemma 3.19.

Lemma 5.14. Any v-vector bundle V on X becomes Hitchin-small after pullback to the base-change
Xy, for some finite extension L|K. In fact, one can always take L = K(7*/P") for n > 0.

Proof. This follows from Lemma 5.13 because the locus A™" C A™ is independent of the base
field as soon as the base field is ramified over W (k), but (e') = drjz, becomes more and more
divisible by p as L becomes more ramified. O

5.6. Comparing Sen theories for the two towers. We now clarify the relation between the
Sen operators ¢y : N — N and ¢’ : N — N’ in the case that V = S¢(N,0y,¢n) for some
Hitchin-small Higgs—Sen bundle. A priori, these are defined using a “Sen theory” formalism for
two different towers: The first is defined in terms of the Kummer tower K, := K (7/?7 )| K, the
second using the cyclotomic tower K. There is, however, a non-canonical way to compare the
two: For this, we need to extend both operators, ¢ and ¢’, in a C-linear way to N ® OXOC and
N ®O Xo.- This way, we are able to regard them as C-semilinear endomorphisms of the same
module M. Then we have the following comparison (which is closely related to [21, Thm 7.12]):

Lemma 5.15. We have
N = ed’
inside End(M). Furthermore, after choosing K' large enough, there exists a (non-canonical) ele-

ment 2 € 1+ e(1 — (,)O¢ for which w := 2'*N/¢ in End(M) sends N isomorphically onto N'.

Proof. We first note that since ¢ /e is stable under extending the base field, we may without loss
of generality replace K by a finite extension. By [2, Lemma 3.6 and Remark 3.8], we can then find
z' €1+ e(1—(,)O¢ satisfying

(12) X ()0 (2') = x(0)2

for every 0 € Gi. Let now x € N, then by Lemma 5.7, we have for any ¢ € Gi that

o(w-z) = (xm (0)a ()" (x) = (x(0)2)*¥/* () = x(0)*¥/(w - ).

It follows from the uniqueness part of Proposition 5.8 that (N',¢') = (w-N, ¢ /e) inside M. After
extending O¢-linearly, this shows that ¢'w = wéy /e. Since w = 2'®N/¢ commutes with ¢ /e, it
follows that ¢’ = ¢ /e inside End(M). O

/!

In particular, even though the Hitchin fibration was defined in terms of Sen theory for the Kum-
mer tower, we still have the following, which is the reason for the rescaling by e in Definition 5.9.

Corollary 5.16. There is a commutative diagram of groupoids

Hitchin-small rank n Sk v-vector bundles
: _
Higgs—Sen modules on X on X of rank n

H\ AH(X) /ﬁ

5.7. The essential image in the arithmetic case. We are now ready to prove the main result:

Theorem 5.17. Let X be a p-adic smooth formal scheme over O . The essential image of Sy is
given by the Hitchin-small v-vector bundles, i.e. we have an equivalence of categories

) Hitchin-small ~ Hitchin-small
™\ Higgs—Sen modules on X v-vector bundles on X [°

Proof. That the essential image is contained in the Hitchin-small v-vector bundles follows from
Corollary 5.16. To see the converse, it suffices to work locally on X, and we may therefore assume
that X admits a toric chart. Let V' be a Hitchin-small v-vector bundle on X of rank n. Let

(M,0x) =83 (V)

be the associated G g-equivariant Higgs bundle on X from Lemma 5.5. Let (N’,¢’) be the Sen
module associated to the Gx-module M by Proposition 5.8. Then the assumption that V is
Hitchin-small means by definition that e?(¢? — ¢’) is topologically nilpotent.

With the preparations from this section, we can now implement the strategy of [2, Lemma 4.6]:
By Lemma 5.12, the assumption on V' ensures that the series

Xt (0)?" € Ende (M)
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converges and defines a continuous 1-cocycle Xf; : Gg — Auteo(M). We can use this to define a
new semi-linear G g-action on M given on m € M by

ocxm = xm(0)"  o(m).
Let now 2’ and K’ be as in Lemma 5.15 and set w := 2’ € Auto(M). Then for any z € N’ € M
and 0 € Gk,
o (W) = X (0) " (0(z') x(0)? (2) = w (2).
Thus w™1(N’) C M is a finite free O(Xk)-submodule of rank n that is fixed by the *-action of
G . It follows by Galois descent along the finite étale cover X — X that

N = MO

the Gg-invariants under the #-action, are still a finite projective O(X’)-module of rank n. Hence
the Galois descent of M for the x-action along X — X is effective, namely M is isomorphic as
a Galois-module to the pullback of N.

Note that the original G g-action on N is given for o € G by

(%) = X (0)% ().
Since ¢’ preserves N’ and w™! = 2/~%" clearly commutes with ¢, we see that ¢ preserves N.
Finally, since the Tate twist O(1) corresponds to the Sen module (O, 1) by Proposition 5.8, we
see by taking Galois invariants for the x-action that the Higgs field 0 : M — M ® Qkoc (-1)
descends to a morphism Oy : N — N ® QL {—1} of Sen modules, where the Sen operator on
N ® Q% {1} is given by ¢/ ® 1 +id.
We can therefore set ¢ := e¢’ € End(N) to obtain a Higgs—Sen module (N, 0y, dn) on X. We

claim that now S, (N, 0y, ¢n) = V. This follows from Proposition 5.6 because by construction, we
have h*(N,0n, ¢n) = (M, 05r), hence

WS (N,0n,on) = Sx,, (W(N,0n,¢n)) = Sx, (M, 0r) = h"V,
and the vertical arrows in the diagram in Proposition 5.6 are clearly fully faithful. ]

This finishes the proof of the main result of this subsection. We now give some applications.
Firstly, we deduce that we can describe all v-vector bundles when we allow finite extensions of K:

Corollary 5.18. Let X be a quasi-compact smooth p-adic formal scheme over Og. Let V be a
v-vector bundle on X. Then there is a finite field extension L|K such that for f : X — Xk, we
have f*V =S, (N, 0y, dn) for some Higgs—Sen module (N,0n, dn) on Xr. In fact, we can always
take L = K(7'/?") for n large enough.

Proof. This follows from combining Theorem 5.17 and Lemma 5.14. |

5.8. Applications. One can use this to prove analogues in the arithmetic setting of some of the
analyticity criteria for v-vector bundles of [14, §7]. For example:

Corollary 5.19. Let X be a smooth p-adic formal scheme over Ok and let V' be a v-vector bundle
on the rigid generic fibre X. Then the following are equivalent:
(1) V is analytic-locally trivial.
(2) For each point x: Spf(Or) — X wvalued in a finite extension of K, the Sen operator asso-
ciated to x*V s trivial.
(8) For each point x: Spf(Or) — X wvalued in a finite extension of K, the pullback z*V is
trivial.

Proof. The implications (1) = (3) = (2) are clear. To see (2) = (1), we can localise on X to
assume that X is affine. Then by Corollary 5.18 we can further pass to a finite extension of K
so that V' = S;(N,0xn,¢n). Then condition (2) means that ¢ vanishes on points. Since X is
reduced, this shows ¢ = 0. Due to the relation [¢pn,0n] = —E'(7)0y in the sheaf HS x . before
[3, Proposition 6.36], this implies that 6 = 0. Hence V is analytic-locally trivial. O

As another application, we obtain a generalisation of [2, Thm 1.2], which is the case of X =
Spf(Ok), to the case of smooth p-adic formal schemes over Ok.

Corollary 5.20. Let X be a quasi-compact smooth p-adic formal scheme over Og. Then there is
an equivalence of categories

2- lim Bun([Xg, /Gal(L|K)], O[}]) — Bun(,)
LIK

where LIK runs through the finite Galois extensions inside a fixed algebraic closure of K.



THE SMALL p-ADIC SIMPSON CORRESPONDENCE IN TERMS OF MODULI SPACES 25

Proof. As the fully faithful functor Bun(X§T, O[%]) — Bun(XL ,) from (3) in §2 is completely
canonical and natural in A7, it defines by Galois descent a fully faithful functor

Bun([X§! /Gal(L|K)], (9[%]) — Bun(X,).
These functors are compatible as L varies and thus define the desired functor in the 2-colimit. To
see that this is essentially surjective, it suffices by Theorem 5.17 to see that any v-vector bundle

on X, becomes Hitchin-small after pullback to X, for some L. This follows from Lemma 5.14. [
As a third application, we can answer a question of Min—-Wang [21, Remark 7.25]:

Corollary 5.21. For a v-vector bundle V on X, the following are equivalent:

(1) V lies in the essential image of Sy.
(2) For every point x : Spa(L) — X with values in a finite extension L|K, the Galois repre-
sentation V,, is “nearly Hodge—Tate” in the sense of [11], i.e. the Hodge—Tate—Sen weights

of Vi all lie in Z + 85, ,, - mr.

Proof. Since the Hodge—Tate—Sen weights are by definition the eigenvalues of the cyclotomic Sen
operator, it is clear from Definition 5.9 and Lemma 5.4 that the v-vector bundle V, on Spa(L) is
Hitchin-small if and only if it is nearly Hodge—Tate. The implication (1) = (2) thus follows from
functoriality of the arithmetic Hitchin fibration, Lemma 5.13, applied to the morphism x. The
direction (2) = (1) follows from Theorem 5.17, as being Hitchin small means that H(V) € O(X)"

lies in some open subspace, and this can be checked on points due to functoriality of . O

APPENDIX A. p-ADIC SIMPSON CORRESPONDENCES — A ONE-PAGE OVERVIEW

local small proper arithmetic
p-adic Simpson | p-adic Simpson | p-adic Simpson | p-adic Simpson

discretely valued
with perfect
residue field

non-archimedean . . algebraically
base field K|Q, perfectoid perfectoid closed

- . . X has a smooth® 3
smooth rigid X is toric formal model X X is proper X has a smooth

space X over K affinoid with lift to As(x) formal model X
Betti side of Faltings-small Hitchin-small vvector bundles Hitchin-small
correspondence || v-vector bundles | v-vector bundles v-vector bundles

Dolbeault side of || Faltings-small Hitchin-small Hitchin-small

Higgs bundles

correspondence Higgs bundles Higgs bundles Higgs—Sen bundles

uniformiser

choice of . Ao (x)-lift of . of Ok with
lifting data toric chart of & form:gl )model X By-lift of & 7° of 7 along
ﬁ : Obc — O¢
essential exponential
further choices none none map for K none
canonically
naturality morphism of canonically natural given
for given charts induces natural with non-canonically compatible 7,
FiY X canonical natural respect to natural otherwise only
' equivalence twisted pullback non-canonically
natural
reference for [14, Thm 6.5] [gh?hifg] Thm 5.17
correspondence 9, Thm 3] |[1, Thn 111.12.26] | 12 TR0 LU b 00 "y 51
as stated above, 1, §11.13] [30, Thm 5.3] 19, Thm 6] |18, Thm 2.1]
then further P ’ ’ [13, Thm 1.3] ! '
related references [29, Thm 13.7] [21, Thm 6.4] [21, Thm 3.3, §7]
[20, Thm 4.10]

3More generally, this should work for X of semi-stable reduction, see the references to [9], [1], [20].
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